
á»© I (1òg)œ"¡Ú 2018.1.10

ò!OéeàK(6©⇥ 3=18©)

1. ¶4Å lim
x!0

Z x

0

1
t

ln(1 + xt)dt

x2 .

2. ¶ÿ»© I1 =

Z
cos(ln x)dx. 3. ¶ÿ»© I2 =

Z
x2

(x2 + 2x + 2)2 dx.

!OéeàK(6©⇥ 3=18©)

1. ¶»© I3 =

Z a

0
x2
p

a2 � x2dx (a > 0).

2. ¶‘Ç y2 = 2px9Ÿ3:
⇣ p

2
, p
⌘
?{Ç§å§„/°».

3. ¶Ç y = ln(1 � x2)˛ÉAu 0  x  1
2
ò„ll.

n!OéeàK(6©⇥ 3=18©)

1. ¶2¬»© I4 =

Z +1

�1

dx
x2 + 4x + 9

.

2.  (a+3b)?(7a�5b), (a�4b)?(7a�2b),¶ï˛ aÜï˛ bY �.

3. ¶: P(1, 2, 3)ÜÇ L :
⇢ x � y + z + 5 = 0,

5x � 8y + 4z + 36 = 0
Âl.

o!(10©) x0 > 0, xn+1 =
1
3

⇣
2xn +

1
x2

n

⌘
, n = 0, 1, 2, · · · ,¶yµÍ {xn}¬Òßø¶Ÿ4Å.

 !(10©)¶4Å lim
n!1

✓ sin ⇡n
n + 1

+
sin 2⇡

n

n + 1
2

+ · · · + sin ⇡
n + 1

n

◆
.

8!(10©)?ÿºÍ f (x)=
x

(x � 1)2 ¬çß̧ N´mß4äß]‡´mß$:ßÏCÇßø±—

˙„.

‘!(10©) ÜÇ L :
⇢ 2x � y � 2z + 1 = 0

x + y + 4z � 2 = 0
, °⇧êßè

x
a
+

y
b
+

z
c
= 1, a, b, c˛ÿu 0,

Ö b = c,°⇧LÜÇ L,¶°⇧êß.

l!(6©ßKö˚)â)ºÍ f (x)3 [0, 1]˛ÎYåßf (0)=0, f (1)=0,Ö8 x 2
(0, 1),k f (x) , 0. ¶yµ

Z 1

0

�����
f 00(x)
f (x)

����� dx > 4.

 !(6©,K˚)â)ºÍ f (x)34´m [a, b]˛å,Ö f 00(x) > 0,¶yµ
Z b

a
f (x) dx � (b � a) f

⇣a + b
2

⌘

1



á»© I (1òg)œ"¡Ú 2019.1.2

ò!OéeàK(6©⇥ 4=24©)

1. lim
x!1

✓
x3 ln

x + 1
x � 1

� 2x2
◆
.

2. y = x2e3x,¶ y(10).

3. lim
x!0

R x
0 sin(xt)dt

x3 .

4. ¶Ü¸° x � 4z = 3⁄ 2x � y � 5z = 1Ç1ÖL: (�3, 2, 5)ÜÇêß.

!OéeàK(6©⇥ 4=24©)

1. ¶»©
Z

x ln(2 + x)dx.

2. Oé»©
Z 1

�1

x5 + x3 + x2 + x + sin x
1 + x2 dx.

3. Oé2¬»©
Z +1

1

x ln x
(1 + x2)2 dx.

4. Æ f (x) =

8>><
>>:

x2, 0  x < 1,
1, 1  x  2,

 F(x) =
Z x

1
f (t)dt (0  x  2),¶ F(x).

n!(10©)¶4Å lim
n!1

✓ ln n+1
n

n + 1
+

ln n+2
n

n + 1
2

+ · · · +
ln 2n

n

n + 1
n

◆
.

o!(10©)¶Ç y = ln xò^ÉÇß¶˘^ÉÇÜÇ±9ÜÇ x = 1, x = e2§å§„

/°»Å.

 !(12©)?ÿºÍ f (x)=
x4

(x + 1)3 ¬çß̧ N´mß4äß]‡´mß$:ßÏCÇßø±—

˙„.

8!(12©)ºÍ f (x)3´m [�a, a] (a > 0)˛‰kÎYÍ.

(1)XJ f 00(x) > 0 (x 2 [�a, a]),yµ
Z a

�a
f (x)dx � 2a f (0);

(2)XJ f (0) = 0,yµ3 [�a, a]˛ñ3ò: ⇣,¶ a3 f 00(⇣) = 3
Z a

�a
f (x)dx.

‘!(8©) ºÍ f (x)3 [0, 1]˛ÎYßÖ f (x) � 0, ˜v f 2(x)  1 + 2
Z x

0
f (t)dt, x 2 [0, 1]. y

µf (x)  1 + x, x 2 [0, 1].

2



á»© Iœ"¡Ú 2019.12.30

ò!¶eÿ»©(6©⇥ 3=18©)

1. I1=

Z p
1 + 3 cos2 x·sin(2x)dx. 2. I2=

Z
(arcsinx)2dx. 3. I3=

Z
x2

(x sinx+ cosx)2
dx.

!OéeàK (6©⇥ 3=18©)

1. ¶»© I4 =

Z ⇡
2

0
ex

1 + sinx

1 + cosx
dx.

2. ¶d y2 = �4(x� 1)Ü y2 = �2(x� 2)§å°„/°».

3. ¶%9Ç ⇢ = a(1� sin ✓) (a > 0) s.

n!OéeàK (6©⇥ 3=18©)

1. ¶2¬»© I5 =

Z +1

0

1� x2

x4 + 1
dx.

2. Ænáï˛a , b, c˜v |a | = 2, |b| = 3, |c| = 4, Öa + b + c = 0 , ¶a · b + b ·
c + c · a .

3. k¸^ÜÇL1 :
x� 1

�1
=

y

2
=

z + 1

1
, L2 :

x+ 2

0
=

y � 1

1
=

z � 2

�2
, yßÇ¥…

°ÜÇ.

o!(10©) f(x)¥ÎYºÍßq g(x) =

Z 1

0
f(xt)dt,Ö lim

x!0

f(x)

x
= A (Aè~Í)ß¶ g0(x),

ø?ÿ g0(x)3x = 0?ÎY5.

 !(10©) ¶4Å lim
n!1

n
p

n(n+ 1)(n+ 2) · · · (2n� 1)

n
.

8!(10©) ?ÿºÍ f(x)=
lnx

x
¬çß̧ N´mß4äß]‡´mß$:ßÏCÇßøä—

„î.

‘!(10©) ¶ò^ÜÇL, ¶LL:P (2, 3, 4), ÖÜ°⇧ : 2x + y � 2z + 7 = 01ßq

ÜÜÇL1 :
x+ 1

�3
=

y + 2

1
=

z � 5

�1
É.

l!(6©) ºÍ f(x)34´m [a, b]˛‰kÎYÍß¶yµ9⇠ 2 (a, b), ¶

Z b

a
f(x)dx = (b� a)f(

a+ b

2
) +

1

24
(b� a)3f 00(⇠).

1



n!OéeàK (6©⇥ 2=12©)

1. Æná¸†ï˛a , b, c, Öa + b + c = 0 , ¶a · b + b · c + c · a .

2. ÚÜÇòÑ™êß

⇢
x� y + z + 5 = 0,

5x� 8y + 4z + 36 = 0
zè:ï™êß.

o!(10©) Oé4Å lim
x!0+

(sinx)sinx � xsinx

sin2 x arcsinx
.

 !(10©)  f(x)3R˛åÖ f(0) = 0, f 0(x) � 0. y
⇣Z x

0
f(t)dt

⌘2
 2

Z x

0
tf2(t)dt.

8!(10©) ¶dÇ y = lnx3 (e, 1)?ÉÇÜ y = lnx±9x§å§°„/D°

»S,

D©O7x!y^=ò±§^=NN»Vx, Vy.

‘!(14©) ?ÿºÍ y = x arctanx¬çß̧ N´mß4äß]‡´mß$:ßÏCÇßø

ä—ºÍ„î.

l!(8©) ÆºÍ f(x)34´m [a, b]˛‰kÎYÍßÖ f 0(a) = f 0(b) = 0.

¶yµ9⇠ 2 (a, b), ¶

Z b

a
f(x)dx = (b� a)

f(a) + f(b)

2
+

1

6
(b� a)3f 00(⇠).

2

á»© Iœ"¡Ú 2021.1.4

ò!OéeàK(6©⇥ 3=18©)

1. ¶ lim
⇣
sin

5
n!1 n2

+cos
5

n

⌘3n2

. 2. ¶ lim
x!0+

x
1

ln(ex�1) . 3. ¶ºÍ y = (x+3)e
1
x ÏCÇ.

!OéeàK (6©⇥ 3=18©)

1. I1 =

Z
sinx cosx

sin4 x� cos4 x
dx. 2. I2 =

Z
x3

(1 + x2)
3
2

dx. 3. I3 =

Z 1

�1

x4 + x7 cos10 x

1 + x2
dx.



á»© Iœ"¡Ú 2022.1.4

ò. OéeàK (6©⇥3 = 18©)

1. ¶4Å lim
x!0

(cos x)
1
x2 .

2.  f(x) =
1

x2 � 2x� 8
, ¶ f (n)(x).

3. f(x)3 aòáçSÎYåßf 0(a) =
p
2, f 00(a) = 2, ¶

lim
x!a

✓
1

f(x)� f(a)
� 1

(x� a)f 0(x)

◆
.

!OéeàK (6©⇥3 = 18©)

1. Oé»©

Z
1p

1 + ex
dx;

2. Oé»©

Z
x2(ln x)2dx.

3. Oé»©

Z 1

0

ln(x+
p
x2 + 1)dx.

n!OéeàK (6©⇥3 = 18©)

1. ¶ÜÜÇL1:
x� 1

�1
=

y

2
=

z + 1

1
9L2:

x+ 2

0
=

y � 1

1
=

z � 2

�2
—1ÖÜßÇ

Â°êß.

2. Oé4Å lim
n!1

sin
⇡

n

nX

k=1

1

2 + cos
k⇡

n

.

3. ¶%9Ç r = a(1 + cos ✓)§å„/°»S.

o!(6©) ºÍ f(x)3 [a, b]˛ÎYßf(x) > 0ß¶êß

Z x

a

f(t)dt �
Z b

x

1

f(t)
dt = 0

3 (a, b)SäáÍ.

 !(12©) ?ÿºÍ y =
2

x
+

1

x2
¬çß̧ N´mß4äß]ïÜ$:ßÏCÇßø

ä—˙„"

8!(10©) 1. y

Z ⇡

0

xf(sin x)dx = ⇡

Z ⇡
2

0

f(sin x)dx. 2. Oé

Z ⇡

0

x sin x

1 + cos2 x
dx.

‘!(10©)  f(x)3´m [a, b]˛gåá,øÖ f 00(x) > 0. LtèÇC : y = f(x)3
: (t, f(t))ÉÇ, A(t)èÇCÜÜÇLt, x = a, x = b§å„/°». ØA(t)3=
:Åä? `\nd.

l!(8©) ºÍf(x) 3[�1, 1] ˛knÎYÍ.

y: 4Å lim
n!1

nX

k=1

����k(f(
1

k
)� f(�1

k
))� 2f 0(0)

����3.

2



á»© Iœ"¡Ú 2023.2.21

ò. OéeàK (6©⇥3 = 18©)

1. ¶4Å lim
x!0

✓
1� x2

1 + x2

◆ 5
x2

.

2.  f(x) = x2 ln(1� x), ¶ f (10)(0).

3.  lim
x!+1

✓
x+ c

x� c

◆x

=

Z c

�1
te2tdt, ¶ cä.

!OéeàK (6©⇥3 = 18©)

1. Oé

Z 1

�1

1 + x3

(1 + x2)
5
2

dx; 2. Oé

Z
arcsin xp
(1� x2)3

dx. 3. Oé

Z
x

x2 + 2x+ 3
dx.

n!OéeàK (6©⇥3 = 18©)

1. ÜÇLêßè
x+ 1

4
=

y � 2

�1
=

z � 1

5
, °⇧êßè 3x+ y+2z+20 = 0,

¶ÜÇLÜ°⇧ Y ✓Ü:M .

2. Oé4Å lim
n!1

1

n

✓ n�1X

i=0

ln(n+ i)� lnn

◆
.

3. OédÇ y = sin x, y = cosx, x =
⇡

2
§åÅ°„/°».

o!(10©) (1)  f(x), g(x)3 [�a, a]˛ÎY, g(x)¥ÛºÍ, f(x) + f(�x) ⌘ A(Aè~
Í), yµ Z a

�a

f(x)g(x)dx = A

Z a

0

g(x)dx.

(2) |^ (1)(ÿ¶

Z ⇡
2

�⇡
2

cos x arctan(ex)dx.

 !(12©) ?ÿºÍ y = (x � 2)e�
1
x ¬ç, ¸N´m, 4ä, ]ïÜ$:, ÏCÇ, ø

ä—˙„.

8!(8©)¶Ç y = ln xò^ÉÇß¶˘^ÉÇÜÇß±9ÜÇx = 1, x = e2§
å§„/°»Å.

‘!(8©) ºÍ f(x)3´m[0, 1]˛kÎYòÍ, y8x 2 [0, 1], k

|f(x)| 
Z 1

0

(|f(t)|+ |f 0(t)|)dt.

l!(8©) ºÍ f(x)3 (0,+1)˛kÎYÍßÖ8x 2 (0,+1), —k f(x) �
0, f 0(x)  0. q3ÍM¶ |f 00(x)|  M, (x 2 (0,+1)). Æ lim

x!+1
f 0(x)3ßy

 lim
x!+1

f 0(x) = 0.

(5µdK•^á |f 00(x)|  MÜ lim
x!+1

f 0(x)3ßˆêIòá§·=å)

3



á»© I (1òg)œ"¡ÚÎâY2018.1.10

ò! 1. 1; 2. I1 =
x
2

(cos(ln x) + sin(ln x)) +C. 3. I2 = arctan(x + 1) +
1

x2 + 2x + 2
+C.

! 1.
⇡a4

16
. 2.

16
3

p2. 3. ln 3 � 1
2
. n! 1.

⇡p
5

. 2.
⇡

3
. 3.

r
223
13

. o!1.  !
2
⇡
.

8!¬ç x , 1; ¸N~´m(�1,�1), (1,+1),¸NO´m(�1, 1); 4ä f (�1) = �1
4

,e]´

m(�1,�2),˛]´m(�2, 1), (1,+1);$:(�2,�2
9

); x = 1¥YÜÏCÇ; y = 0¥YÏCÇ.

‘!7x � 2y � 2z + 1 = 0.

l!yµœè f (x)3 (0, 1)SÎYßÖ f (x) , 0,§± f (x)3 (0, 1)SÿC“ßÿî f (x) > 0.
f (x)3 [0, 1]˛ÎYßdÅänß f (x)3 [0, 1]˛kÅåäM.  f (x0) = M > 0, x0 2 (0, 1).
d.ÇKF•änß9↵ 2 (0, x0), � 2 (x0, 1),¶

f (1) � f (x0) = f 0(�)(1 � x0),= f 0(�) = � M
1 � x0

; f (x0) � f (0) = f 0(↵)(x0 � 0),= f 0(↵) =
M
x0

Z 1

0

�����
f 00(x)
f (x)

����� dx >
1
M

Z 1

0
| f 00(x)| dx � 1

M

Z �

↵
| f 00(x)| dx � 1

M

�����

Z �

↵
f 00(x) dx

����� =
1
M
| f 0(�) � f 0(↵)|

=
1
M

����� �
M

1 � x0
� M

x0

����� =
1

x0(1 � x0)
=

1
1
4 � ( 1

2 � x0)2
� 4.

 !yµºÍ f (x)3
a + b

2
–m§V˙™

f (x) = f
⇣a + b

2

⌘
+ f 0
⇣a + b

2

⌘⇣
x � a + b

2

⌘
+

1
2

f 00(⇠)
⇣
x � a + b

2

⌘2
> f
⇣a + b

2

⌘
+ f 0
⇣a + b

2

⌘⇣
x � a + b

2

⌘
,

¸>»©

Z b

a
f (x) dx >

Z b

a

✓
f
⇣a + b

2

⌘
+ f 0
⇣a + b

2

⌘⇣
x � a + b

2

⌘◆
dx = f

⇣a + b
2

⌘
(b � a).

á»©I£1òg§œ"¡ÚÎâY2019.1.2

ò! 1.
2
3
 2. y(10) = 38e3x(9x2 + 60x + 90); 3.

1
2

; 4.
x + 3

4
=

y � 2
3
=

z � 5
1

.

!1.
1
2

x2 ln(2+x)� 1
4

x2+x�2 ln(x+2)+C; 2. 2�⇡
2

; 3.
ln 2
4

; 4. F(x) =

8>><
>>:

x3

3 � 1
3 , 0  x < 1;

x � 1, 1  x  2.

n!2 ln 2 � 1. o!ÉÇêßè y � ln
1 + e2

2
=

2
1 + e2 x � 1.

 !̧ NO´m (�1,�4), (0,+1),¸N~´m (�4,�1), (�1, 0);4åä f (�4)= �256
27

,4ä f (0) =
0;e]´m (�1,�1),˛]´m (�1,+1);vk$:;YÜÏCÇ x=�1;ÏCÇ y = x � 3.

8!(1) f (x)= f (0)+ f 0(0)x+
f 00(⇠)

2
x2� f (0)+ f 0(0)x =)

Z a

�a
f (x)dx�

Z a

�a
( f (0) + f 0(0)x)dx = 2a f (0).

(2) f (x) = f 0(0)x+
f 00(⇠)

2
x2 =)

Z a

�a
f (x)dx =

Z a

�a
f 0(0)xdx+

Z a

�a

f 00(⇠)
2

x2dx =
1
2

Z a

�a
f 00(⇠)x2dx,

M= max
x2[�a,a]

f 00(x), m= min
x2[�a,a]

f 00(x),Km  3
a3

Z a

�a
f (x)dx  M. È f 00(x)^0än=.

4



‘!yµ u(x) = 1 + 2
Z x

0
f (t)dt, K u(0) = 1, u0(x) = 2 f (x)  2

p
u(x), 

p
u(x) � 1 =

Z x

0

u0(t)
2
p

u(t)
dt 
Z x

0
dt = x,§± f (x) 

p
u(x)  1 + x.

á»©I£1òg§œ"¡ÚÎâY2019.12.30

ò! 1. I1 = �
2
9

(1 + 3 cos2 x)
3
2 +C; 2. I2 = x(arctan x)2 + 2

p
1 � x2 arcsin x � 2x +C;

3. I3 = �
Z

x
cos x

d
1

x sin x + cos x
= � x

cos x(x sin x + cos x)
+

Z
1

x sin x + cos x
d

x
cos x

= � x
cos x(x sin x + cos x)

+

Z
1

cos2 x
dx = � x

cos x(x sin x + cos x)
+ tan x +C

! 1. e
⇡
2 ; 2.

8
3

; 3. 8a. n! 1. 0 2. �29
2

.

o! g(x) =

8>><
>>:

1
x

R x
0 f (u)du, x , 0,

0, x = 0.
g0(x) =

8>><
>>:

f (x)
x � 1

x2

R x
0 f (u)du, x , 0,

A
2 , x = 0.

g0(x)3 x = 0?ÎY.

 !™= exp
⇣

lim
n!1

n�1X

i=0

ln(1 +
i
n

)
1
n
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k=1

M

3k2
<

M

3

⇣
1 + (1� 1

2
) + (

1

2
� 1

3
) + · · ·+ (

1

n� 1
� 1

n
)
⌘
< M.

xn¸NO\k˛.ßœd¬Òß=4Å lim
n!1

nX

k=1

|k(f( 1
k
)� f(�1

k
))� 2f 0(0)|3.

á»©I£1òg§œ"¡ÚÎâY 2023.2.21

ò! 1. e�10; 2. 90⇥ 7!; 3. c =
5

2
.

! 1.
5
p
2

6
; 2.

x arcsinxp
1� x2

+ln
p
1� x2+C; 3.

1

2
ln(x2+2x+3)� 1p

2
arctan

x+ 1p
2

+C.

n! 1. ✓ =
⇡

3
,M(�5, 3,�4). 2. ™=

Z 1

0
ln(1 + x)dx = 2 ln 2� 1. 3.

p
2� 1.

o!(2) cosx¥ÛºÍßarctan ex + arctan e�x =
⇡

2
, §±™=

⇡

2

Z ⇡
2

0
cosxdx =

⇡

2
.

 !¬ç (�1, 0) [ (0,+1);

¸NO´m(�1,�2), (1,+1),

¸N~´m(�2, 0), (0, 1);

4åä f(�2) = �4
p
e, 4äf(1) = �1

e


e]´m(�1, 0), (0,
2

5
), ˛]´m(

2

5
,+1);

$:
⇣2
5
,�8

5
e�

5
2

⌘
;

x = 0¥YÜÏCÇßy = x� 3¥ÏCÇ.

8!§¶ÉÇêßè y =
2

e2 + 1
x+ ln

e2 + 1

2
� 1.

‘!ê{òµf(t)ÎYßK |f(t)|èÎYßd»©•änß3 ⇣ 2 (0, 1), ¶

Z 1

0
|f(t)|dt = |f(⇣)|.

q f(x) = f(⇣) +

Z x

⇣
f 0(t)dt, §± |f(x)|  |f(⇣)|+

Z 1

0
|f 0(t)|dt =

Z 1

0
(|f(t)|+ |f 0(t)|)dt.

l!ê{òµœè lim
x!+1

f 0(x)3ß lim
x!+1

f 0(x) = A; q f 0(x)  0Ö f(x) � 0, §± f(x)¸

N~ke.ß lim
x!+1

f(x)3ß lim
x!+1

f(x) = B. dá©•änß3 ⇠ 2 (x, x + 1), ¶

 f(x+ 1)� f(x) = f 0(⇠), ˛™¸>-x ! +14ÅåB �B = A, §±A = 0.

ê{µd f 0(x)  0Ö f(x) � 0, å f(x)¸N~ke.ß4Å3ß lim
x!+1

f(x) = A.

Èu?øâ~Í � > 0, k lim
x!+1

f(x+ �)� f(x)

�
=

A�A

�
= 0, = 8" > 0, 9G > 0, x >

Gûßok
���
f(x+ �)� f(x)

�

��� <
"

2
(8� > 0). dV˙™ßf(x+ �) = f(x) + f 0(x)�+

1

2
f 00(⇠)�2,

K
f(x+ �)� f(x)

�
= f 0(x) +

1

2
f 00(⇠)� =) |f 0(x)| 

���
f(x+ �)� f(x)

�

���+
1

2
�M ,

K 8" > 0, 9G > 0, |x| > Gûß � =
"

M
, ok |f 0(x)| < "

2
+

"

2
= ", = lim

x!+1
f 0(x) = 0.
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