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5.1 

5.1.1 

= 

ð> 

N .s(Po) = < ð} 

{Po} 

E Rn , 
> C 

> 0, 



.2. 

ç IRn , 

\ 

ç c 

d(G) = P2)1 V P1, 

A = {(x, y , z)1 x 2 + y2 + z2 < 1}, 

B = {(x , y , z)1 x 2 Z2 1}, 
C = {(x ,y , z)1 x 2 +y2 + Z2 = 1}, 

(1) AO = B O = A,Co = 0; 

(4) 
(5) 

{(x, y)lx= 
. I n n ) 

(1) GO = 0j 

= G U{(O, O)}; 

(4) 
(5) = V2. 

5.1.2 

f: D• R 

y = f(P) , 



.3. 

y = f(x l, X2 ,… ,x..) , 

f(D) = {f(P)1 

(D ç 

z = f(x ,y), 

(D ç 

u = f(x, y, z) , (x , y, 

1 < 1} J1-x2 _y2 

(1) z = I 41q J 
- -

(2) z = 
(3) u = ln(1-z2-u2-2)i 
(4) u = J9- _ z2 + J x2 + y2 + 

D(z) = 4}; 
(2) D(z) = {(x, y) 1 - 1 x + y 1}; 
(3) D(u) = {(x, y, z) 1 x2 + y2 + z2 < 1}; 
(4) D(u) = {(x,y, z) 11 x2 

= = 
= 

(x, y, 

5.1.3 



.4. 

< Ó 

If(P) -AI = If(x,y) -AI < e, 

= 

= ((X,y) • (xo, YO)). 

= A. 

= 0,3ó > < J (x - xO)2 + < 

- AI < e. 

- 10 1 = 12(x - 1) + 4(y - 2) 1 

+4Iy-21 
+ (y _ 2)2, 

> - 2)2 < 

upi(2z+4u)=10. 



.5. 

f(x , y) 

+ 

+ 

lim xy = 0 = u 

= pcos(),y 

f(x , y) = 

lim _ = lim ocosOsin() = O. 
. 

_.. ,:ç+1I 
(2) --; y2) 

_,_ __.2 _,_ _. 

11-2 11-2 

__. 

(2) 0 < = 

n 

+ y2 ) -

x2 +y2 



.6. 

y) = = = 0, 
lI=U x-• u x-+u 

Y (JO < 

f(x , y) = p sin (Jo) (Jo sin (Jo, 
: x = pcos (Jo, y = 

lim = C08 (JO sin (JO = cos (JO sin 00, 
(".1/)EL ‘ p• 0+ 

lim f(x , y) 

lim = A, 

lim lim f(x , y) = A. 

lim lim f(x , y) . 



x2 +y2 

= 0 = o. 
x• 011• Ox" +11" 

.7. 

= O. 
11• UX• u 

y) = x sin 
U 

= = 0 = O. 
, . -, 11• Ox• o Y 11• Q 

f(ZJ)=Em 
y x• 011• 0 

5.1.4 

S;;; 

Vê > O,::Jð > < - < ê. 

.ð.x = x - xo, .ð.y = 

.ð.z = f(x , y) - f(xo , yo) = f(xo + .ð.y) - f(xo , yo) , 
= 

f(x , = O . 



.8. 

,, "' Z r'' 0, 

y) = f(x , 0) = 

= f(O , 0) = 1, y) = f(O , 0) = 1, 
y-+u 

x"y" 

1) 

qA 
+-14 u-2 2-z 

f(Pl) f(P2) < 0, 
= O. 

f(P1 ) f-

f(Pl) f(Pl)) 

(1) f(x , y) = V1- x2 - y2j 



.9. 

(2) f(x , y) = 

(3) 

(5) 

(6) f(x , y , z) = 
X 

t); 
(2) 2xy _y2 

_..2 
(2) 

z • 27z+y 

,,--+0 OJ 

3x+y (1) !iJl! 

x+1 2 (4) liJl! - : : 
y+2 3 

,,:1:11 _ 1 

.._0 
1 1 

(3) + 
u 

in(xy) (5)Em· 
;11ln(1+z)' 

(4)HR 

x+y (6) 
x'" +y'" 

(8) + y2)x2112
; 

11-0 .._0 
_2.. 

x"'+y'" 
1--qr + -vit +m-uh qAAnt ln(1 + x) + ln(1 + y ) . (11) 

a • 0 7" x + Y 

1. _. ,. ? + 21n(1 + ---,- " '; 

(1) f(x ,y) (x4 +y3)2' 

(X2 + y4)2 



.10. 

(2) f(x ,y) (x4 +y3)2' 

I - f(x , y2) I LI Yl - Y21 , V(x, yt), (x, 

5.2 

5.2.1 

= 

f(xo + Llx , Yo) -
.ð.x 

= 
f , 8f I 8z , 8z I 

f{(xo ,YO) , YO) , , z(ZOJo), z| 
V"'" v .., 

1!_ -
Lly 

= 
f . 8 f I 8z . 8z I 

= 

. _. 



.11. 

z = 

_. 

y) = x2y + 2e'" + (0,0), 1;(0, 0). 

1(x,O) = 

1(0,y)=2+y, 

= 2xy + ycos(xy) + 2e"', = x2 + xcos(xy) + 1, 

0) = 2, 0) = 1. 

y) = ln(2x +y) 

1 
y I 2 _ Y I 2 

- -------

I 2x+y - x2+y2 I 2x+y' 
1+( _::_ 1 

\ y l 
Z 

u213 
., ( x \ '1. ' 2x + y , -" x2 + y2 ' 2x + y 
1+(=-1 

\y l 

81 81 (x , y, z) = xy + yZ + > 0, y > 0, z > 

,,-1 +z"'lnz, 
ax 

zz zz ++ zu hh EZ Zu ----Fd-vfJ

-z 



II .12. 

= 
= 

z = f(xo , YO)) 

T S 

y 

T. 

z 

C1: 

I /0 I I ,,/:110 
./ I I / 

I 
..... - - - - - 1- - 7-- - - - - - -

, , 
" , 

S 

= 
= 

(x , y) # (0,0) 

(x ,y) = (0,0) -

"Me 

me-+ 
"M Z rJ iJlJ 5.2.4 

f(x ,O) - f(O , 0) 
z • U :1; 

f(O , y) - f(O , 0) ,,__ 0 
= =0. 

-

= 

= f(x ,y) - = (I (x , y) - f(xO ,y)) + (I (XO , y) - f(xo , 

y)(x - xo) + 



.13. 

y) , 

5.2.2 

lim ð.z = 0‘ 

.-110 

y) , y) , 

f:x(x , y) , f:y(x ,y) , f;x(x ,y) , f;y(x, y) , 

fi'l> 

= X 2 y3 

= 2xy3 

6xy2 + (1 + 
6xy2 + (1 + 

= J 
l = ) 

f (x,O) - f(O , 0) 
f;(OJ)=lizl 

x-• U T. z-• U 

f (0, y) - f(O , 0) 
0) 

- U 

x2 _y2 ^ 
im f(x ,y) - u 

y)= 1 
X• o x X• o x =-y 



.14. 

_2 ..2 

lim 1(x, y) - f(x , 0)=Hm 
y y• o y 

y) - " -y f:v(O , 0) = lilI!. __ = lilI!. --!- = -1, 
y y• o y 

11 '^.n.," ,. f::", (O, 0) = 1-; "'Y'-' -; = 
Q- - x-+U X x-+U 

F(h,k) 

= f(X, y + k) - f(X, y) , 

F(h,k) 

F(h, k) + (hh )h = -

Y + 92k)hk (0 < < 1), 

= f(x + h , Y) -

F(h ,k) 

F(h, k) + 93k)k = + h,y + 93k) - y + 03k)]k 

+ 94h, y + fhk)hk (0 < 03,94 < 1), 

+ 91h, y + 92 k) = f;x(x + 94h, y + 93k) . 

f:y(x , y) = f;x(x , y). 



.15. 

5.2.3 

= f(x + y + - f(x , y). 

= 1, Yo = 2, = -0.02, = 0.05, 

= (1 - 0.02)(2+0.05) - 12 = 0.982.05 - 12, 

= f(x + y + - f(x , y) 

= + + 
+ 

dz = + 

= (x + + - xy = + + 

+ o 

l-AZLLU0 

= 

dA = + 

( Xð.Y 

ð.xð.y . 

/ 
yð.x 



.16. 

= 
= 

.6.z = f(x + .6.x , y + .6.y) - f(x , y) = A .6.x + B .6..y + 

lim .6.z = O . 
.0.",• 0 

= 

dy -- , {)y-O 

= 

(5.2.1) 

.6.z = f(x + .6..x , y + .6.y) - f(x , y) = A .6..x + B .6..y + o(p). 

= 

lim f(x + .6.x ,_y) - f(x , y) = A + lim o(l .6..x l) = A. 
.6.x -- , .6.",• o .6.x 

ay 

{)z . {)z + : - .6..v 

= = = .6.x , dy = 

"H AU 
Z-U + z d z-z z d 

= = 
l 0, (x, y) = (0, 0) , 

liD! f(x , y) = lim, = lim,'" --------- =O=f(O,O), 
1/_0 



f(x , 0) - f(O , 0) ,,_ 0 = 
z • o x '"• Ox 

f (0 , y) - f(O , 0) 
u y 

ll.z = f(x , y) - f(O , 0) = f;(O , O)x + O)y 

f(x ,y) 

.17. 

dI cosOsinO 

= 

(x, 
= 

ll.z = f(x + ll.x, y + ll.y) - f(x , y) 

= f(x + ll.x, y + ll.y) - f(x , y + ll.y) + f(x, y + ll.y) - f(x, y), 

ll.z = + Olð.x , y + ll.y)ð.x + y + 02 ll.y)ll.y (0 < Ol ,(h < 1), 

y) , 

+ 01ll.x , y + ð.y) = f; (x , y), 

y + 92ll.y) = y) , 

+ (h ll.x ,y + ð.y) = y + 02 ll.y) = y) 

ll.y • 0), 

ð.z = f;(x , y)ll.x + f;(x , y)ll.y 



.18. 

= J(ð.X)2 + (ð.y2) , 

./ 1_.1 lâxl I 11.) 11 .ð.yl ./ 1__1 I 11.) 1 • n ({ ̂  _ ^ _.\ 11'\ n\ \ ((ð.x ,ð.y) • (0, 0) (, 

+ ßð.y = (p • 0+). 

ð.z = f;(x , y)ð.x + f;(x , y)ð.y + 
= 

du = f; , dx, + f;,dx2 + ... + f;. dxn . 

(1) = 
(2) d(uv) = vdu + 

/u\ vdu-udv 
(3) d i' 0) 

= x 2y3 + 



.19. 

"' E QU S OU + 'AW "' z nd 
z-z oxo 

"' QU O Z OU + qa 
HHU 

qa z qa --z-U AUXO 

a dz= = (2xy3 + e'" siny)dx + (3x2y2 + e'" cosy)dy. 

dz =d(x2y3 + e'" = d(x2y3) + d(e'" 

=y3d(x2 ) + 

= 2xy3dx + 3x2y2dy + e'" cos ydy + e'" sin ydx 

= (2xy3 + e'" siny)dx + eX 

1 
= = 0.1, = 0.2, tl..z = 0.1 x2 +y2 

ax 01.J az 
( 1 2x \. ( 1 211 \ 1 tl..v + = \x (x2 +y2)2)-- (x2 + y2)2 )-" , Z 

= 0.1 , tl..y = 
x"'+y'" 

du = x 0.1 + x 0.2 + 0.1 = 0.318 

= 

tl..z =f(xo + tl..x, yo + tl..y) - f(xo , yo) 

+ + = df 1 , _ _ \ + 
I 

f(xo + tl..x, yo + tl..y) - f(xo , + f;(xo , yo)tl..y, 

f(xo + tl..x, yo + + + f;(xo , yo)tl..y. 



.20. 

= yxa -, X.lnx 

= 1, yo = 2, ßx = -O.01 ,!:l.y = 

z(xo + .ð.x , Yo + Yo) + yo).ð.x + yo) .ð.y, 

0.992 .02 + YOxgo-l ßx + xgo ln Xo . !:l.y 

=12 + 2 .11 • (-0.01) + 12 1n 1.0.02 = 0.98. 

IA-al 
IAI 

1 
'" 2 

= 72 ,yo = 108,zo Ißxl 0.1 , I!:l.zl 

+ !:l.x, yo + ßy, Zo + ßz) - u(xo, Yo , zo)1 

+ zo)ßzl 

II!:l.xl + + zo}ll !:l.zl , 

1 
x 56 x 0.1 + x 56 x 0.2 + x (72 + 108) x 0.1 = 2 

17.4 17.4 



.21. 

= 

dz = + f;(x ,y)dy 

= = 
= = 

= 
z = = 

= 
= 

dnz= f(x , y) (5.2.2) 

C! (dx:xf 

k Õ"f I_ _.\..J _k 
8xkâyn-k 

+ + f:y(x , y)dy2. 

= y) 

dz = 

y) 
= 



.22. 

+ f;:z;dydx + f:ydxdy + f;ydy2 

= X2 + y2 + ln x - 3ln y + (1,2). 
1 " = = x g y 

z::tJ z::" -- x41 -P " yM 

2)dxdy + z;y(1 , 2)dy2 

= I dx2 + 2. (2x) I I dy2 
1(1,2) 1(1,2) IJ I 1(1,2) 

(1) z = x 2y3 + 
(3) z = 2'" + x y + y3; 

(5) u = (1 + xyY + sin(xyz); 

(7) u = x y• + (xy)'" + x yz; 

(1) z = sin(xy) 
8x2' 8x8v 

(2) u = 

(3) u 

!l2. . 
(4) u = x yz 

(5) z = 

(6) z = arctan 

(2) z 

(4) z = xe-y + ye-"'; 

(6) u = J 
(8) u + arccos JVZ 



.23. 

(1) z = sinxcosy; (2) z 

(3) u = ln J x2 (4) u = 

(5) z = 

(6) z = = 0.1, tl.y = 

I , . u2 y) = (X2 
lO, (x,y) = (0,0), 

J (X2 (x, y)=< 
lO, (X,y) = (0,0) , 

f(x , y) = IX - ylcp(X, 

J (x -
&T H 

l 0, (x, y) = (0,0), 

In .. _. 
= -,-

10, X=O. 

(1) z = x2 + xy - 6j 

(3) z = eX sinYj 

(2) z = x 'Y j z-u = z ) 

., -m +-
'Anu -mA -A'm .. , -m

• 
'···LEm ) q4 

.. 
(1) z = (x - a)P(y -

,.,.....L..., 

(2) z 
• 

= 



.24. 

= g(x) + f(y). 

(1) sin310cos290; (2) (1.02)3+22.99• 

5.3 

5.3.1 

v = = f(u ,v) 
= 

LW-nm + u-z z-Z JU--AU 

(5.3.1) 

QX 

+ ßv + 

dz ßz du ßu dv ßv 
dx - .ðx - v , dx - - v , dx -

z< 8z. 8z ßz= , 8v 

= V(ßu)2 + (ßv)2 

ßz 8zßu , 8zßv , o(p) 
==--. +=--. + ßx 8ußx' ðvßx ' ßx 

= cp(x) ,v 

ßu du ßv dv 
ã;::o .ð.x dx ' âit..::o .ð.x dx' 



.25. 

= 0, )im_ .6.v = 
.ð.:r;• o -.ð.:r;-+O .ð.:r;-+ 

+ =0 

dz .6.z 8z 
dx ä;::o 

z = = 

(5.3.2) 

z = 

z(x, y) = 

++ ++ (5.3.4) 

(5.3.5) 

...._ 8 
8y . 



II .26. 

z 

U u<: z< z 

v<: v<: 
etn.. +u2,u = sinx,v = iJlJ 5.3.1 

dy 8y du , 8y dv 
' 8vdx 

= (veUV + 2u) cosx + ueUV
( - sinx) 

= cos x + 2 sinx) cosx - esin :c cosx sin2 x 

cos 2x + sÍn 2x. 

8z 8z 
= iJlJ 5.3.2 

Æ.1 = + = 2xvuV
-

1 + yu 'fJ ln u 8x ' 8v8x 
=2x2Y(X2 + y(x2 

+ y2)) 

"-u au-au h-b + LW-nm 

+ XUV ln u 

8y' 8z iJlJ 5.3.3 

. 8f 
+yzf; 8x 8x ' 8v8x 

, 8fðv =+=(z+z)fU+zzfU 8y 8u8y' 8v8y 

, 8f 8v 
= <1./ + :v = 8z 8u 8z . 8v 8z ;7J U' -;:7.1 11 



.27. 

= = 

(x, " + u Z AU 

z-u + u-z oxo z-u auxo + 

8u 8z 8v\ _ 
=( )dx+( dv 

-a 

8z _ _ \ 
-a J 

au 

dz = d(eU + sin v) = eUdu 

du = d(x + y) = dx dv = d(xy) = ydx +xdy, 

dz = eX+Y{dx + dy) + = dy, 

_ _1.. 
+ ycosxy, cos zu-

ax ay 

= 



.28. 

, 
+y + -:- ;" 
' "ðx ' 

/ _.. _.. 1 _.. \ / _.. _.. 1 _.. \ 1 I _.. _.. 1 _.. \ 
= ( + y + ) + Y ( f !f.l + y \ -- -- Y -- --/ Y \ -- . . -- Y' -- I 

Z ð , ", ð 1". 1 ð + 17. + y ';. - ---., 13 , J'" ' {7 8y y2 J" . Y 8y 

-
+! + ì Y \ -- Y. -- / 

f{'l + 
rx2+y2 I -

oI xy 

2 = 
w 

+ y2) _ 

- y) 

5.3.2 

= 0, (5.3.6) 

ç lRn , ç 
= 

y = 

=0, (5.3.7) 



.29. 

ç;; ]Rn , ç;; 
,Ym): 

Yl X2 , . . . , Xn ) 

Y2 = h(Xl , X2 ,… ,Xn ) , 

,Xn , fl(Xl ,X2 ,... 
,Xn , 

(2) = F(xo , YO) = 0; 

= Nð1 = 

F(x, f(x)) = 0; 
(2) f(xo) = Yo; 
(3) 

f(x) 

= f(x). 
= 

F(xo , yo) = = 

Yo, y) 

= 



.30. 

(2) = F(xo , Yo, zo) = 0; 

Ilx-xol <h,ly-yol = 
F(x,y ,f(x ,y)) =0; 

(2) 
(3) 

z-z wo-HS Z-z 

= f(x ,y). 
+ y + sin(x2 

+ -

(2) F(O,O) = 0; 
= (1 + 2ycos(x2 

= 
y = 

dy + y2) _ yexy 
dx - xeXY 

8x8u 

-y y 
- - 1 + eU - 1 + eU ' 

-x x 
1 + eU 1 + eU ' 

+ eU
) 

? y \ 1I 8u 
ay \ 1 + eU ) (1 + eu )2 

H (1 +eU ):.! -
(1 + eu )2 (1 + eu )3 

= = 

= x + y, v = x + z , F(x, y, z) = f(x 

1+eu-ueuOV 

(1 + eu )2 

+ 



.31. 

(f::u + 

= 

=-1 

I ...u::::... r. , I ...-J'V"'.... '<1 dx 

(2) = F(xo , Yo , uo, Vo) = 0, H(Po) = = 0; 

D(F,H) I 
D(u,v) zlJo, 

= ((x,y) Ilx-xol < h, Iy-yol = u(x,y) ,v = 
= 0, = 0; 

(2) u(xo , Yo) = uo , v(xo , Yo) = vo; 

D(F,H) 
D(x,v) 

- D(F,H) ' 
v) 

D(F,H) 
x) 

- D(F,H) ' 
D(u,v) 

D(F,H) 
D(y,v) 

- D(F,H) ' 
D(u,v) 

D(F,H) 
D(u,y) 

- D(F,H). 
D(u,v) 

xy+u2 +v2 = 1 

= = (1 ,0) 
= u(x, y), v = v(x, 

C G J , 



.32. 

= x2 + y2 =xy+u2 

(2) F(l, 0,1,0) = 0, H(l , 0,1, 0) = 0; 

D(F,H) v u 1 

D(u,v) H!. H!. 1._ _ _ _, 1 2u 2v 1 
--U --V 1(1,0,1,0) I - - - -

= 
= u(x, y) , v = v(x, 

-d-d-MMV-qV -2-2-4-2 33-Hmp 
ðx 

D(F,H) 

- D(F,H) 
D(u,v) 

4xv - yu 

4yv -XU 

yv -4xu 

(1) u = x = sin t , y = cos t; 

(3) z 

.. (4) z = u:.! + ln(uv) 
w 

(1) z = f(x + y , xy); 

(2) u = f ; 

🔗

https://app.goodnotes.com/documents/?anchor=cGFnZS0yNDExQzhFRS1DQzQ0LTVFNEQtQjNCOC1EOEFCNkJDRTlGRkI%3D#QkVEMjEzOTUtQTc2MC00RDc3LUE0QTUtREFCNEZEMDFGNURD


(3) - y); 
(4) u = xf(x2 

(1) z - y) 

=f 
I .J\--''''' 

8'112 ' 

= f(x + y , xy) + I J_ 1... .,...\.../'........, ;...0".... I J ,..,., ____...r,l l ...............,..., .-... 8x2 8112 
J :r:+y 

= f(x + Y + Z, x 2 + y2 + 
.ð.u 

' 

u = f + ; 

+2X+y2 = 3; 

(2) ln cos2 
X + cos2 y = 4. 

= 
(1) 

(2) x 2 z2 + xy - yz + 3z - 9 = 8x8'11' 

82z (3) xyz = 

.33. 

( z 
= z(x, 

(x z \ _ _"._L. _ .... 

= z(x, y} - v ""''''-' •.• v.,.. 

- = 

= (y + z) - 4J x 2 

= z(x, 



.34. 

= f(x , y, = z = = 

r x+y+z = dz (1) l xyz = 1, -P dx' dx' 

( x + 11 + u + v = 
l 

= f(x , f(x , x)) , 
vy 1(2 ,2) 

IX=2 
y 

z-2 au-AMU-+ 24-z 
= Z A 

,UN--"
,. 
2-o 1-dy + + z-3 

Z A 

f (x+ h ,y) - f(x - h ,y) 
2h 

f (x+ h ,y) - 2f(x,y) + f(x - h,y) 
(2)EF0 29 

5.4 

1 
f(x ,y) (5.4.1) 

( .ð.x ;;_ (}.ð.x , b 1)! 
.ð.x = x - a, .ð.y = y - b (0 1). 



.35. 

C: b) 

q (dX)8 b). 

I .\, A 8f b) + dy 

(_ 1.\ , (A_.\282f :yr b) + b)j 8x ' -11 8y ) J ,-, -, ,--, 8x2 ,-, -, ' ----11 8x8y 

\-, 
2 83 f 1_ L \ , I A _ \3 [J3 f b) + b)j 8x8u2 ,-, -, ' ,-,,, 8u3 

F(t) = t.ð.x , b + t .ð.y) 

F'(O) = t .ð.x , b + t .ð.y) + t .ð.x , b + t.ð.y)) It=o 
+ b)dy = ( b), 

F"(O) = + + b)(dy)2 
( . 8 _ 8 \ 2 

= ( ::_ J f(a , b), 

UU A AU + 'hu z A 

'+ AA ++ ZZ AA no 
F 

(0 1), 

' -"8yJ (5.4.2) 



.36. 

..+1 
.ð..y .:_ J Ot.ð..x , b + 8t.ð..y) (n + 1)! 

f(x ,y) = + - a) + - b) , 

O(x - b + O(y - b) (0 < 0 < 1). 

\ k 
f(x ,y) = ) x :_ + y .:__ ) f(O , 0) \ -

(û<O<l). 

1 ..+1 
( f(8x ,Oy) (0 < 0 < 1). 

(5.4.3) 

(5.4.4) 

;x + o(p") , (5.4.5) 

.ð..x = .ð..y = y - V.ð..x2 + ð..y2. 

= 

x ,_ +y 

(5.4.6) 



Rn=-17(z+U)n+142+V)(0<6<1)· 
1- 1) 

f(x , y) = 1, .ð..x = -0.02,.ð..y = 

f{1 , 1) = 1, 
_. = 1 

1 (1,1) 

_, = 0 
" ' 1 (1,1) 

1) =y(y -1)xY- 2 1._ _. = 0, 
1 (1,1) 

+yx1l-
1 lnx)I ,.., = 1, 

1 (1,1) 

= 0, ,,,,' 1(1,1) 

1) =y(y -1)(y - 2)xY- 3 1._ _. = 0, 
1 (1,1) 

1) = ((y - 1)xY- 2 + yxy- 2 + y(y - = 1 
1(1,1) 

= (2xy- 1 lnx + =0, 1(1,1) 

fH(1 ,1)=zu h32|=0, 
"'''''' . _ 1 (1,1) 

f(x , y) 1) + 1) .ð..x + l).ð..y) 

+ 

+ + 

=1+AZ+AZAU+;(AZ)2 

.37. 

0, 981.03 = f(0.98 , - 0.02 - 0.0006 + 0.000006 = 

= x 2 +xy + 

= 



.38. 

5.5 

= ,xn ) ,h(Xl ,X2 ,… ,X n )) 

r(u,v) = (x(u ,v) ,y(u,v) ,z(u,v)); 

F(x,y , z) = (P(x,y , z), Q(x,y, z) , R(x, y, z)). 

r(u,v) = (x(u ,v) ,y(u,v) ,z(u,v)) , 

ç 

_ 
(U,lI 

liJ? , r( u, v) 

= v) • (uo , 

liJ? . x(u,v) . , liJ? , z( u, v) 
• .• -. (U,lI)• (uo ,VO) -. .• -. (u,v)• (UO ,VO) 

r(u, v) = (x(u, v) , y(u, v) , z(u, v)) 

-m
• 

IA 



.39. 

r(u,v) = (x(u,v),y(u,v) ,z(u,v)) 

= . (5.5.1) 

v) 

= 

E F = . G 
(A,B ,O) = + B2 + 0 2. 

5.6 

5.6.1 

(5.5.2) 

Y z t E [a, b]. 

= 
+ 

+ + + llt)) , 

' .6.t ' .6.t ) 



.4{) . 

<p' (to)(x - cp(to)) = O. 

D(y,z) , D(z,x) , D(x,y) 

Y z 

== 0, 

+ + = 0, 

nl = n :J = 

(5.6.1) 

n1 x n '.:l = . !I_) ì 
" , D(z,x) , D(x,y) ) 

D(y,z) [Po' D(z,x) [Po' D(x,y) [Po 

z- Xo Y - Yo z - Zo 
D(F, H) I - D(F, H) I - D(F, H) I 
D(y,z) Ipo D(x,y) 



(F,H) 1 (_ _" (_. _." D(F,H) 1 (x - xo) , (z - zo) = O. D(y,z) Ip
D 
,- -VJ' D(z,x) IPo '" ""VJ' D(x,y) Ipo 

x - Xo Y - yo z - Zo 
1=0. 

( x 2 + y2 + z2 = 6, 
lx+y+z=4 

= x2 6, H(x , y, z) = x + y + z -

nl = . = . = (2,2,4) = 2(1, 1, 2) , 
_. ". -'1(1,1,2) '1(1,1,2) 

n2 = 1., , _, = (1 , 1, 1) 1., _ _, = (1, 1, 1), 
" -'1(1,1,2) '1(1,1,2) 

n = (1 , 1,2) x (1 , 1, 1) = (-1 , 1,0), 

x-1 y-1 z-2 
-1 1 0' 

.41. 

-y= o. 

= 
l H(x, y , z) = 0 

(F, H) D(F, H) D(F, H) 
D(y,z)' D(z,x) ' D(x,y) 

5.6.2 

z) = 

Y z 



.42. 

+ + = 0, 

n= 

Yo , 

- xO) - YO) - ZO) = O. 

x - Xo Y - Yo z - Zo 
-

x = Y = Z = Z(U,V) , 

F(x,y ,z) = 0, 

y(U, V) , Z(U, 

=0. 

r(u,v) = 

(5.6.2) 

(D(y,z) D(z,x) (A,B ,C) = ( ) D(u,v)J 
= X(UO ,VO) , yO = = 

VO) , 

A(uo, VO)(x - xO) + B(uo, VO)(y - yO) + C(UO , VO)(Z - ZO) = O. 



x - Xo Y - Yo z - Zo 
vo) vo) 1=0. 

x - Xo Y - Yo z - Zo 
A(uo ,vo) - B(uo,vo) - C(uo ,vo)" 

+ y2 + z2 + 2z = 
= x2 +2z-

1, = (2,2,4) = 2(1 , 1, 2) , 

(x -1) + (y -1) + 2(z -1) = 0, øp x + Y + 2z - 4 = 0, 

x-1 y-1 z-1 
112 

.43. 

+ y2 = y = t , z = 3t -

y = t , z = 3t -

l = 

Yo , 

n = (2x, . = 
I (zo.Yo.zo) 

2xo(x - xo) + 2yo(y - Yo) - 4(z - zo) = 0, 

+ y2 = 

23+d=4zo, (1) 

xox + YOY - 2z - 2zo = 0, 

2 . (2xo) + 1 . 2yo + 3 x (-4) = 0, (2) 



.44 . 

Xo + Yo - 2zo = O. (3) 

12 6 9 = 2, zo = = --;;-, Yo 5 , gu 5 
5z-9= O. 

= 
y=y(u,v) , 

D(y,z) D(z,x) 
D(u, v)' D(u, v)' D(u, v) 

(1) 

(2) x = t - 1 - cos t, z = 

I 

(4) 
I x- +z- = 5 

(1) z 
(2) Z2 = 
(3) x 

= 

+y2 = 0, 

+ 2y2 + 3z2 = 
x -6 y - 3 2z-1 

2 1 -2 

-2z 3 = 

y2 = X, l z = 3(y - 1) v 



.45. 

r = 
E = . F = . G = . = . F = . G = . 

(D(y ,z) D(z,x) D(x,y)\ (A,B ,C) = ) D(u,v)' 

A2 + B2 + C2 = 

5.7 

5.7.1 

c 

= = O. 
= = 

(xo , yo) = 0, = O. 

= = 

= 

= 



.46. 

= 

y) = y)(x - Xo) + y)(y - YO) , 

> 
< 

f(x , y) = f(xo , YO) + (x - xO) + f;((. , ",) (y - YO), 

= xo + O(x - O(y - YO)(O < 8 < 

+ 

0 < 0 < 1 

> - > 

= 
yO) = (xO , yO) = 

YO) , B = YO), c = f:1I(xo , YO), 

- AC < 0, A > 
- AC < 0, A < 

= < 

= A 

k 

+ 2Bhk + 

+ + O(p2) 

= Acos2 () + 2Bcos8sin(} + Csin2 



.47. 

j(x,y) -

-AC < 

j(x, y) - j(XO , yO) > j(x, y) - j(XO, yO) < 
-AC > 

= Acos2 9 
h B ,.. "' ,_, - B2) sin2 A .- \ -. . . -I • v r \ - , A 

= 

Zl = x4 + y4, Z2 Z3 = xy2 , 

- AC = 
-AC= 

y) = x3 - 3xy + 

3(x2 - y) = 0, 
= -3(x-

f;L=6z, f;y = -3, f:y = 48y, 

A = 3, B = -3, C = 12, B2 - AC < 0, A > 4) -,- .&- 8 

A = 0, B = -3, C = 0, B2 - AC > = 
= 

(f;=-82(u-d)-z6=0, 
= 4(y - X2 ) - 2y = 0 

-8y + 24x2 - 6x5 , f;y = -8x, f;y = 2. 

96 A = 224, B = 16, C = 2, B2 - AC < 0, A > 



.48 . 

A = 0, B = 0, C = 2, B 2 - AC = 0, f(O , 0) = O. 
f(O ,y) f. (0,0) , 

> = f(x , x 2) 

< 
- 6xy + lOy2 - 2yz - z2 + 18 = = 

-6x + 20y - 2z -
(1) 

{ 
-3x + 10y - z = O. 

(2) 

(-9, -3, -3). 

=0, 
20 - - -

= = 0, (x ,y ,z) = 

0 
0, 

= O. 

(3) 

B 2 -AC < O,A > z(9 ,3) = 
B 2 - AC < 0, A < z( -9, -3) = 

y , z) = x 2 - 6xy + 10y2 - 2yz - Z2 + 
'a lOy- z 

-y 

= + + 
XX - (y+z)2 - (y+ z)2 , 

- + + 10y - z)(1 + 
-yy (y+ Z)2 



= 3z,y = 
l = 0 

B2 -AC < O,A > z(9 ,3) = 

.49. 

B2 - AC < 0, A < 

5.7.2 

xy 

= xy + 2V ( + ì (x > 0, y > 0) 
\ x V / 

(2V 

g 

D = {(x ,y)IO < x < < y < 



.50. 

(i = 1,2,'" 

bx, - y,)2 
i=l 

b) 

U 

y=a+bx 

y, 

'" z 

= 0 

bx, - y,)x, = 0, 

&P 

(t 
(5.7.2) 

n )Xi ... *' <) ... 

-nz 
i=l 

5.7.3 

cp(X, y , z) = V - xyz = 0 



.51. 

= 

= y, y, z(x, 

= Yo, 

F(x , y, z , >..) = f(x , y , z) y, z), 

Yo , 

F; = f;(x ,y,z) 
= 0, 

= O. 

Yo, zo) = 0, 

(5.7.3) 

(5.7.4) 

(5.7.5) 

=j:. = 
= 

Zo = = 0, 

f _ _ \ 
(xo ,Yo) (xo, Yo) . 

y, z(x, 

I \ ðz Yo) = 0, 
. ðfln\ðz + (XO , YO) = 0 

,1n 

= 0, 
= 0, 

(5.7.6) 

(5.7.7) 

(5.7.8) 

(5.7.9) 



.52. 11 

= 
yo , 

Yo , 

= 0, 

= f(x ,y ,z) z) , 

z) = 0, 
z) =0, 

= Y , z) y , z) = 0, 
= 0, 
= O. 

+ Y + z = m(x > 0, y > 0, z > 0, 
b > 0, c > 0, m > 

+ blny + 

F(x,y ,z ,>") = +y + z - m), 

Z 

- y 

Z 

Fi = x + y + z - m = O. 

{am om 



.53. 

= x + y + z = m 
+ y + z = m ,x = = 

+ Y + z = m , x > 0, y > 0, z > 
= 

+ y + z = m (x > 0, y _, _ _, _ _ì = 

r Z=X'lJ 

l x+y=4 

d = )(X + 1)2 + (y + 1)2 + (z + 1)2, 

f(x , y, z) = d2 = (x + 1)2 + (y + 1)2 + (z + 1)2 

Il) = (x + 1)2 + (y + 1)2 + (z + 1)2 - z) + Y - 4) , 

2(y + 1) + Àx 

2(z + 
F{ =xy-z = 0, 

(0,4, 0) , (4, 0, 0) . 
4, 0) = f(4, 0, 0) = 

4, 0) = f(4, 0, 0) = 

= x2 = {(x, y)I 4x2 

(fJ=2z=0, 

F(x ,y, À) = x2 +y2 _ 9) , 



.54. 

F{= 4x2+y2-9=0 

f(O,O) = 9, 1(0, 3) = = 45. f 0) = f ( - 0) = 

= 9. 

(1) z = x 2 + 2y2 - xy + 6x - 3y - 2j 
(2) z = x 6 + y4 - 3x2 - 2y2j 
(3) z = x 4 + y4 _ x 2 _ 2xy _ y2j 

(4) z = cosx + cosy + cos(x + 
= 

(1) 2x2 + 2y2 + z2 + 8xz - z + 8 = Oj 
(2) x 2 + y2 + z2 + 2x - 2y + 4z - 10 = O. 

x 2 

= x 2 + 12xy + 4x2 + y2 
y) = x 2 -

= cosx + cosy + cos(x + 

G = 

-an H 

i = 1,… ,n. 
+ 2y2 + 3z2 = 



.55. 

cVz = 

1 z2 

= x2 + 

AB/ + 

1-

- {j'IJ 

,,__ f(P) -

f ". f(xo + + t cos 'Y) - f(xo , 
= lil!l. t 

- f(O ,O,O) 
= t• U 

= x2 + y2 + Z2 + Jx2 +y2 + 

lim - 1(0,0,0L = lim x
2 + Ixl = lim El. 1m '---0 . 

z • o x '"• o x '"• o x . 

In n. n\ 1.!___ -(00,0)=lm =h m=1, 
t• 0+ t t• 0+ t 



.56. 

r x+U+z , 
f(2,UJ)={1,', 

x = y= = z = 0, 

/n n n.\ f(x , 0, 0) - f(O , 0, 0) :J (0, 0, 0) = 1, ox x• u X x• u 

In n n\ 8f (0,0, 0) = 1. 

= 
/n. n ....., 1!__ f(t , 0, 0) - f(O, 0, = lim J \-,-,-, J \-,-,-, = 1, 

t • 0+ t 

= 

In n n.\ 1!__ f(-t ,O,O) - f(O ,O,O) 8f 
"1 J \......,....., "1 =-1. -, t• 0+ t 

f (tcos 0:, tcos ß, t - f(O ,O,O) 
\-,-,-, t• 0+ t 

(x, y, z) = y, z) y,z) cosß + y, 

10 = 

(tcos o:, t > 0, 

y+tcosß, = = 

f(P) - f(Po) = f(x + y + z + - f(x, y, z) 



.57. 

.\A. , 8f ,_ .\A. , 8f y , z).ð.x y , z).6.z + 

J .ð.x2 + .ð.y2 + .ð.z2 = 

f (P) - , 8f .6.y , 8f .ð.z , 
= + + 

8x '8z t ' p' 

y , z) = y , z) y , z) 

y) 

cosß. 

= xyz + = 

1(1,2,1) 

1(1,2,1) 

2,1) = (xy + xyéllz ) 1.. . ., = 2(1 + e2), 
1(1,2,1) 

12 2 
l = 2i - 2j + k = = 3' 3 J 

\l
,/ 

-L-qd q4-qd qA
-Aqo 

O C O C GO 
,, •• 

,. n 1 \ 4 ,., .2\ 2 + + e2) + e2) = • (1 + e2). 3 

(. + = 

1, = 
= x + e'" sin(y - 1, = 

0, 

+ + 



.58. 

r 2x2+2y2-z2=25 
q q q 

1 x""+y""=z"" 

= 
= 

= = yo, 


