
á»© II (1òg)œ•¡Ú (2021.4.24)

ò!OéeàK£zK6©ß30©§

1. ¶°x
2 � xy � 8x+ z + 5 = 03: (2,�3, 1)?É°Ü{Çêß.

2. ¶4Å lim
(x,y)!(0,0)

xy(x+ y)

x2 + y2
.

3. ºÍ z = z(x, y)dêß z = e
2x�3z + 2y(ß¶ 3

@z

@x
+

@z

@y
.

4.  z = f(xy,
x

y
,
y

x
), Ÿ• fÎYåáß¶

@
2
z

@x@y
.

5. ºÍu = arctan(x2 + 2y + z)3: (1, 0, 2)?˜êï
�!
l = (1, 2, 3)êïÍ.

!OéeàK£zK8©ß40©§

1. Oén»© I1 =

˚

⌦

(x+ y + z)dxdydz, Ÿ•⌦¥d° z = x
2 + y

2Ü z = 1, z = 2§å

·N.

2. OéÇ»© I2 =

˛
L

(x+ 2)2 + (z � 3)2

x2 + y2 + z2
ds, Ÿ•LèÇ

⇢
x
2 + y

2 + z
2 = a

2
,

x+ y = 0
(a > 0).

3. OéÇ»© I3 =

ˆ
C
(x2 + 2xy)dy, Ÿ•C¥˛å˝

x
2

a2
+

y
2

b2
= 1 (a, b > 0, y � 0), _û

êï.

4. Oé I4 =

ˆ 1
2

1
4

dy

ˆ p
y

1
2

e
y
xdx+

ˆ 1

1
2

dy

ˆ p
y

y
e

y
xdx.

5. D = {(x, y)||x|  2, |y|  2}, Oé I5 =

¨

D

|x2 + y
2 � 1|dxdy.

n!(10©)È?ø k > 0, ⌦kè
p
x2 + y2  kzÜx

2 + y
2 + z

2  1§´ç, PŸN»èVk.

Æ3� 2 R¶ lim
k!0+

Vk

k�
èÍ, ¶�ä9T4Å.

o!(10©)¶ºÍ f(x, y, z) = x+ y + z3´çx
2 + y

2  z  1˛Ååä⁄Åä.

 !£10©§ f(x, y) =

⇢
(x2 + y

2)e�
1
x2 , x 6= 0

0, x = 0.
?ÿ f3 y:˛ÎY5,å†59åá

5.

1



á»© II (1òg)œ•¡Ú (2022.5.8)

ò!OéeàKµ£zK6©ß30©§

1. ¶4Å lim
x!+1
y!+1

e�( yx+
x
y )

( yx + x
y )

xy
.

2. ºÍ f(u, v)‰kÎY†Í, w = f(x+ y + z, xyz). ¶
@w

@x
9

@
2
w

@x@z
.

3. ºÍ y = y(x), z = z(x)dêß|

⇢
x
3 + y

3 + z
3 � 3xyz = 1

x+ y + z = a (a 6= 0)
(. ¶

dy

dx
,
dz

dx
.

4. ¶˝•°x
2 + 2y2 + z

2 = 1˛1u°x� y + 2z = 0É°êß.

5. Ü»©gSøOé»©I1 =

ˆ 1

�1
dy

ˆ arccos y

0
y
3dx+

ˆ 1

�1
dy

ˆ 2⇡

2⇡�arccos y
y
3dx.

!OéeàKµ£zK8©ß40©§

1. Oé»© I2 =

¨

x2+y21

��x+ yp
2

� x
2 � y

2
�� dxdy.

2. Oén»© I3 =

˚

V

r
1� x2

a2
� y2

b2
� z2

c2
dxdydz, V è

x
2

a2
+

y
2

b2
+

z
2

c2
 1 (a, b, c > 0).

3. ¶Œ°x
2 + y

2 = 1¸° z = ±y§ekÅ‹©°»S.

4. OéÇ»© I4 =

ˆ

C

y ds. Ÿ•C¥{Çx = t� sin t, y = 1� cos t3 0  t  2⇡òˇ.

5. OéÇ»© I5 =

˛

L

(x+ y)2dx� (x2 + y
2) dy. Ÿ•L¥±A(0, 0), B(2, 0), C(1, 1)è:

ïn/4¥ABCA.

n!(12©) ºÍ f(x, y) =

⇢ sinxy

x
, x 6= 0,

y, x = 0.
?ÿ fÎY5, å†5, 9åá5.

o!(10©) ¶ºÍ z = x
2 + 2y2 � x

2
y
23´çD = {(x, y)|x2 + y

2  4}˛ÅåäÜÅä.

 !(8©) ºÍ f(x, y)3°´çD = {(x, y)|x2 + y
2  a

2} (a > 0)˛ÎYåá, 3D>

.˛äè 0. y:

(1)

¨

D

f(x, y) dxdy = �
¨

D

x
@f

@x
(x, y) dxdy = �

¨

D

y
@f

@y
(x, y) dxdy;

(2)
��
¨

D

f(x, y) dxdy
��  ⇡a

3

3
max

(x,y)2D

✓�@f
@x

�2
+
�@f
@y

�2
◆ 1

2

.

2



á»© II (1òg)œ•¡ÚÎâY (2023.4.22)

ò!OéeàKµ£zK 6©,  30©§

1. ¶4Å lim
x!0
y!0

1� esin
2(xy)

x2 + y2
.

2.  z = z(x, y)¥dêßx(y2 + z) + ez � 1 = 0(¤ºÍ, ¶
@
2
z

@x@y

���
(x,y)=(0,1)

.

3. ¶òmÇ

(
x
2 + y

2 + z
2 = 1

2x� y + z = 1
3: (0,�1, 0)?ÉÇÜ{°.

4. ¶ºÍu = xy + y
2
z
3 + z3:P0?˜êï lêïÍ

@u

@l
(P0), Ÿ•P0

⇣ 1p
2
,
1p
2
, 0
⌘
, l¥

° z = 1� x
2 � y

23P0?{ï˛.

5. ¶ºÍ f(x, y) = xe�
x2+y2

2 4ä.

!OéeàKµ£zK8©, 40©§

1. Oé I1=

¨

D

f(x)f(y�x)dxdy,Ÿ• f(x) =

⇢
x, 0  x  2

0, Ÿ¶
, D = {(x, y)

��|x|  4, |y|  4}.

2. Oén»© I2 =

˚

⌦

(x+ 2y + 3z)2dxdydz, Ÿ•⌦ : x2 + y
2 + z

2  a
2 (a > 0).

3. ¶Ç 2x2 + 2xy + y
2 = 1§å§°´ç°».

4. OéÇ»© I3 =

˛
�

p
x2 + y2ds, Ÿ•�¥±x

2 + y
2 = 2ÜÜÇ y = x, y = 0§å†

u1òñÅ´ç>..

5. Oé I4 =

ˆ
L
(x sin y+x)dx+

⇣1
2
x
2 cos y+xy

⌘
dy, Ÿ•L¥4ãILà™è ⇢ = 1+cos ✓

%9ÇlO(0, 0)A(2, 0)˜^ûêïò„l.

n!(10©) PÇ

⇢
x
2 = z

y = 0
7 z^=ò±)§°Ü z = 1, z = 2§å§·N´çè⌦,

Oé I5 =

˚

⌦

1

x2 + y2 + z2
dxdydz.

o!(12©) ?ÿºÍ f(x, y) =

8
><

>:

x
2
y

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
3: (0, 0)?ÎY5, †Í

35, êïÍ35, åá5.

 !(8©) 31òñÅS, LÇ 3x2 + 2xy + 3y2 = a˛?øò:äŸÉÇ, eÉÇÜãI§

å§n/°»Åäè
1

4
, ¶ aä.

3



á»© II (1òg)œ•¡ÚÎâY (2021.4.24)

ò!OéeàK£zK6©ß30©§

1. ¶°x
2 � xy � 8x+ z + 5 = 03: (2,�3, 1)?É°Ü{Çêß.

)µ-F (x, y, z) = x
2 � xy � 8x+ z + 5. °3(2,�3, 1)?{ï˛

�!
n = (F 0

x, F
0
y, F

0
z)
���
(2,�3,1)

= (2x� y � 8,�x, 1)
���
(2,�3,1)

= �(1, 2,�1)

§±É°êßè (x� 2) + 2(y + 3)� (z � 1) = 0; {Çêßè
x� 2

1
=

y + 3

2
=

z � 1

�1
.

2. ¶4Å lim
(x,y)!(0,0)

xy(x+ y)

x2 + y2
.

)µ-x = ⇢ cos ✓, y = ⇢ sin ✓, K4Åzè

lim
⇢!0+

⇢
3 cos ✓ sin ✓(cos ✓ + sin ✓)

⇢2
= 0.

3. ºÍ z = z(x, y)dêß z = e
2x�3z + 2y(ß¶ 3

@z

@x
+

@z

@y
.

)µPF (x, y, z) = z � e
2x�3z � 2y, K

@z

@x
= �F

0
x

F 0
z
=

2e2x�3z

1 + 3e2x�3z
,

@z

@y
= �

F
0
y

F 0
z
=

2

1 + 3e2x�3z
.

§± 3
@z

@x
+

@z

@y
= 2.

4.  z = f(xy,
x

y
,
y

x
), Ÿ• fÎYåáß¶

@
2
z

@x@y
.

)µ
@z

@x
= yf

0
1 +

1

y
f
0
2 �

y

x2
f
0
3,

@
2
z

@x@y
=f

0
1+y(xf 00

11�
x

y2
f
00
12+

1

x
f
00
13)�

1

y2
f
0
2+

1

y
(xf 00

21�
x

y2
f
00
22+

1

x
f
00
23)�

1

x2
f
0
3�

y

x2
(xf 00

31�
x

y2
f
00
32+

1

x
f
00
33)

= f
0
1 �

1

y2
f
0
2 �

1

x2
f
0
3 + xyf

00
11 �

x

y3
f
00
22 �

y

x3
f
00
33 +

2

xy
f
00
23.

5. ºÍu = arctan(x2 + 2y + z)3: (1, 0, 2)?˜êï
�!
l = (1, 2, 3)êïÍ.

)µu
0
x(1, 0, 2) =

2x

1 + (x2 + 2y + z)2

����
(1,0,2)

=
1

5
, u

0
y(1, 0, 2) =

2

1 + (x2 + 2y + z)2

����
(1,0,2)

=
1

5
,

u
0
z(1, 0, 2) =

1

1 + (x2 + 2y + z)2

����
(1,0,2)

=
1

10
,

�!
l = (1, 2, 3) =

p
14(

1p
14

,
2p
14

,
3p
14

)

K
@u

@
�!
l

(1, 0, 2) = u
0
x(1, 0, 2) cos↵+ u

0
y(1, 0, 2) cos� + u

0
z(1, 0, 2) cos � =

9

10
p
14

.

1



!OéeàK£zK8©ß40©§

1. Oén»© I1 =

˚

⌦

(x + y + z)dxdydz, Ÿ•⌦¥d° z = x
2 + y

2Ü z = 1, z = 2§å·

N.

)µI1 =

˚

⌦

zdxdydz =

ˆ 2

1
dz

¨

x2+y2z

zdxdy =

ˆ 2

1
⇡z

2dz =
7

3
⇡.

2. OéÇ»© I2 =

˛
L

(x+ 2)2 + (z � 3)2

x2 + y2 + z2
ds, Ÿ•LèÇ

⇢
x
2 + y

2 + z
2 = a

2
,

x+ y = 0
(a > 0).

)µÇLÎÍêßèx =
ap
2
cos ✓, y = � ap

2
cos ✓, z = a sin ✓, ✓ 2 [0, 2⇡], K

I2 =

ˆ 2⇡

0

( ap
2
cos ✓ + 2)2 + (a sin ✓ � 3)2

a2

p
(x0(✓))2 + (y0(✓))2 + (z0(✓))2d✓

=

ˆ 2⇡

0

( ap
2
cos ✓ + 2)2 + (a sin ✓ � 3)2

a
d✓ =

3⇡a

2
+

26⇡

a
.

3. OéÇ»© I3 =

ˆ
C
(x2 + 2xy)dy, Ÿ•C¥˛å˝

x
2

a2
+

y
2

b2
= 1 (a, b > 0, y � 0), _û

êï.

): CÎÍêßèx = a cos ✓, y = b sin ✓, ✓l 0C⇡. u¥

I3 =

ˆ ⇡

0
(a2 cos2 ✓ + 2ab cos ✓ sin ✓)b cos ✓d✓ =

4

3
ab

2
.

4. Oé I4 =

ˆ 1
2

1
4

dy

ˆ p
y

1
2

e
y
xdx+

ˆ 1

1
2

dy

ˆ p
y

y
e

y
xdx.

)µI4 =

ˆ 1

1
2

dx

ˆ x

x2
e

y
xdy =

ˆ 1

0
x(e� ex)dx =

3e

8
�

p
e

2
.

5. D = {(x, y)||x|  2, |y|  2}, Oé I5 =

¨

D

|x2 + y
2 � 1|dxdy.

)µI5 = 8

ˆ ⇡
4

0
d✓

ˆ 1

0
(1� ⇢

2)⇢d⇢+ 8

ˆ ⇡
4

0
d✓

ˆ 2
cos ✓

1
(⇢2 � 1)⇢d⇢ =

80

3
+ ⇡.

n!(10©)È?ø k > 0, ⌦kè
p
x2 + y2  kzÜx

2 + y
2 + z

2  1§´ç, PŸN»èVk. Æ

3� 2 R¶ lim
k!0+

Vk

k�
èÍ, ¶�ä9T4Å.

)µ̂ •ãI⌦
0
k = {(r,�, ✓)|0  r  1, 0  �  arccos 1p

1+k2
, 0  ✓  2⇡}, K

Vk =

ˆ 2⇡

0
d✓

ˆ arccos 1p
1+k2

0
d�

ˆ 1

0
r
2 sin�dr =

2

3
⇡(1� 1p

1 + k2
).

 lim
k!0+

1� 1p
1+k2

k2
=

1

2
, §±� = 2, §¶4Åè

⇡

3
.

2



o!(10©)¶ºÍ f(x, y, z) = x+ y + z3´çx
2 + y

2  z  1˛Ååä⁄Åä.

)µduf
0
x = f

0
y = f

0
z = 1, 3´çx

2 + y
2  z  1S‹å¶4ä:.

(a) 3>.x
2 + y

2 = z(0  z < 1)˛,

-F (x, y, z,�1) = x+ y + z + �1(x2 + y
2 � z),

d

8
>>>>><

>>>>>:

F
0
x = 1 + 2�1x = 0

F
0
y = 1 + 2�1y = 0

F
0
z = 1� �1 = 0

F
0
�1

= x
2 + y

2 � z = 0

)å¶4ä:P1(�
1

2
,�1

2
,
1

2
).

(b) 3>.z = 1(x2 + y
2
< 1)˛

-G(x, y, z,�2) = x+ y + z + �2(z � 1),

duG
0
x = G

0
y = 1 6= 0, 3T>.˛å¶4ä:.

(c) 3>.z = x
2 + y

2
, z = 1˛

-H(x, y, z,�3, µ3) = x+ y + z + �3(x2 + y
2 � z) + µ3(z � 1)

d

8
>>>>>>><

>>>>>>>:

H
0
x = 1 + 2�3x = 0

H
0
y = 1 + 2�3y = 0

H
0
z = 1� �3 + µ3 = 0

H
0
�3

= x
2 + y

2 � z = 0

H
0
µ3

= z � 1 = 0

)å¶4ä:P2(�
p
2

2
,�

p
2

2
, 1), P3(

p
2

2
,

p
2

2
, 1).

§±Åä=min{f(P1), f(P2), f(P3)} = �1

2
; Ååä=max{f(P1), f(P2), f(P3)} = 1+

p
2.

 !£10©§ f(x, y) =

⇢
(x2 + y

2)e�
1
x2 , x 6= 0

0, x = 0.
?ÿ f3 y:˛ÎY5,å†59åá5.

): (1) 8y0 2 R, lim
x!0
y!y0

(x2 + y
2)e�

1
x2 = 0 = f(0, y0), §± f3 y:˛ÎY.

(2) f 0
x(0, y0) = lim

x!0

f(x, y0)� f(0, y0)

x
= lim

x!0
(x2 + y

2
0)

1
x

e
1
x2

= 0,

f
0
y(0, y0) = lim

�y!0

f(0, y0 +�y)� f(0, y0)

�y
= lim

�y!0
0 = 0, §± f3 y:˛å†.

(3) ! = f(�x, y0 +�y)� f(0, y0)� f
0
x(0, y0)�x� f

0
y(0, y0)�y

= f(�x, y0 +�y) = (�x
2 + (y0 +�y)2)e�

1
�x2 ,

0  !

⇢
=

(�x
2 + (y0 +�y)2)e�

1
�x2

⇢
 ((�x

2+(y0+�y)2))
1
⇢

e
1
⇢2

! 0, (⇢ =
p
�x2 +�y2)

dY%OKå lim
x!0

!

⇢
= 0, §± f3 y:˛åá.

3



á»© II (1òg)œ•¡ÚÎâY (2022.5.8)

ò!OéeàKµ£zK6©ß30©§

1. ¶4Å lim
x!+1
y!+1

e�( y
x+ x

y )

( y
x
+ x

y
)xy

.

)µ5øx, y > 0û,
y

x
+

x

y
� 2. u¥ 0 < e�( y

x+ x
y )  e�2, lim

x!+1
y!+1

(
y

x
+

x

y
)xy = +1, §±4Å= 0.

2. ºÍ f(u, v)‰kÎY†Í, w = f(x+ y + z, xyz). ¶
@w

@x
9

@2w

@x@z
.

):
@w

@x
= f 0

1 + yzf 0
2,

@2w

@x@z
= f 00

11 + y(x+ z)f 00
12 + xy2zf 00

22 + yf 0
2.

3. ºÍ y = y(x), z = z(x)dêß|

⇢
x3 + y3 + z3 = 3xyz

x+ y + z = a (a 6= 0)
(. ¶

dy

dx
,
dz

dx
.

)µPF (x, y, z) = x3 + y3 + z3 � 3xyz, H(x, y, z) = x+ y + z � a. K

dy

dx
= �

D(F,H)
D(x,z)

D(F,H)
D(y,z)

=
z � x

y � z
,

dz

dx
= �

D(F,H)
D(y,x)

D(F,H)
D(y,z)

=
x� y

y � z
.

4. ¶˝•°x2 + 2y2 + z2 = 1˛1u°x� y + 2z = 0É°êß.

)µ°3: (x0, y0, z0)?òá{ï˛èn = (2x0, 4y0, 2z0), °{ï˛è (1,�1, 2). u¥

2x0

1
=

4y0
�1

=
2z0
2
Ö x2

0 + 2y20 + z20 = 1.

)É:è

 
±
r

2

11
,⌥1

2

r
2

11
,±2

r
2

11

!
. §¶É°êßèx� y + 2z = ±

r
11

2
.

5. Ü»©gSøOé»©I1 =

ˆ 1

�1
dy

ˆ arccos y

0
y3dx+

ˆ 1

�1
dy

ˆ 2⇡

2⇡�arccos y
y3dx.

)µI1 =

ˆ 2⇡

0
dx

ˆ cos x

�1
y3dy =

ˆ 2⇡

0

1

4
(cos4 x� 1)dx = � 5

16
⇡.

!OéeàKµ£zK8©ß40©§

1. Oé»© I2 =

¨

x2+y21

|x+ yp
2

� x2 � y2|dxdy.

){òµPD : x2 + y2  1, D1 : x2 + y2 � x+ yp
2

 0, D2 = D \D1, X„§´

K I2 =

¨

D2

(x2 + y2 � x+ yp
2

)dxdy �
¨

D1

(x2 + y2 � x+ yp
2

)dxdy

=

¨

D

(x2 + y2 � x+ yp
2

)dxdy � 2

¨

D1

(x2 + y2 � x+ yp
2

)dxdy,

Ÿ•

¨

D

(x2 + y2 � x+ yp
2

)dxdy =

¨

D

(x2 + y2)dxdy =

ˆ 2⇡

0
d✓

ˆ 1

0
⇢3d⇢ =

⇡

2
,

1



(-x� 1

2
p
2
= ⇢ cos ✓, y � 1

2
p
2
= ⇢ sin ✓),

¨

D1

(x2 + y2 � x+ yp
2

)dxdy =

ˆ 2⇡

0
d✓

ˆ 1
2

0
(⇢3 � ⇢

4
)d⇢ = � ⇡

32
,

§± I2 =
⇡

2
+

⇡

16
=

9⇡

16
.

){µ -F (x, y) =
x+ yp

2
� x2 � y2, ä4ãICÜx = ⇢ cos ✓, y = ⇢ sin ✓,

KåÚ»©´ç©èXe4á‹©µ£X„§´§

⌦1: F (x, y) � 0, {�⇡

4  ✓  3⇡
4 , 0  ⇢  sin(✓ + ⇡

4 )};

⌦2: F (x, y) < 0, {⇡

4  ✓  3⇡
4 , sin(✓ + ⇡

4 )  ⇢  1};

⌦3: F (x, y) < 0, { 3⇡
4  ✓  7⇡

4 , 0  ⇢  1};

⌦4: F (x, y) < 0, {�⇡

4  ✓  ⇡

4 , sin(✓ +
⇡

4 )  ⇢  1};

dÈ°5åß

I2 = 2

ˆ ⇡
4

�⇡
4

d✓

ˆ sin(✓+⇡
4 )

0
(⇢ sin(✓ +

⇡

4
)� ⇢2)⇢d⇢+ 2

ˆ ⇡
4

�⇡
4

d✓

ˆ 1

sin(✓+⇡
4 )
(⇢2 � ⇢ sin(✓ +

⇡

4
))⇢d⇢

+

ˆ 7⇡
4

3⇡
4

d✓

ˆ 1

0
(⇢2 � ⇢ sin(✓ +

⇡

4
))⇢d⇢

=
9

16
⇡.

2. Oén»© I3 =

˚

V

r
1� x2

a2
� y2

b2
� z2

c2
dxdydz, Ÿ•V è

x2

a2
+

y2

b2
+

z2

c2
 1, (a, b, c > 0).

)µI3 =

ˆ 2⇡

0
d✓

ˆ
⇡

0
d'

ˆ 1

0

p
1� r2abcr2 sin'dr = 4⇡abc

ˆ 1

0
r2
p

1� r2dr =
⇡2

4
abc.

3. ¶Œ°x2 + y2 = 1¸° z = ±y§ekÅ‹©°»S.

)µS1è°31ò%Å‹©°», Ÿ3 yOz°›K´çèD = {(y, z)| 0  z  y, 0  y  1}.

S = 8S1 = 8

¨
D

1p
1� y2

dydz = 8

ˆ 1

0
dy

ˆ
y

0

1p
1� y2

dz = 8.

4. OéÇ»© I4 =

ˆ

C

yds. Ÿ•C¥{Çx = t� sin t, y = 1� cos t3 0  t  2⇡òˇ.

): I4 =

ˆ 2⇡

0
(1� cos t)2

q
(1� cos t)2 + sin2 tdt =

ˆ 2⇡

0
(1� cos t)

p
2(1� cos t)dt =

ˆ 2⇡

0
4 sin2

t

2
dt =

32

3
.

5. OéÇ»© I5 =

˛

L

(x+ y)2dx� (x2 + y2)dy. Ÿ•L¥±A(0, 0), B(2, 0), C(1, 1)è:ïn

/4¥ ABCA.

){òµ—ÜÇêßAB : y = 0; BC : y = 2� x, CA : y = x, K

I4 =

ˆ
AB

+

ˆ
BC

+

ˆ
CA

=

ˆ 2

0
x2dx+

ˆ 1

2
(4 + x2 + (2� x)2)dx+

ˆ 0

1
2x2dx = �14

3
.

2



){2µ̂ Green˙™, Ÿ•Dè4¥§å§´ç.

I4 =

¨

D

[�2x� 2(x+ y)]dxdy = �2

ˆ 1

0
dy

ˆ 2�y

y

(2x+ y)dx = �14

3
.

n!(12©)ºÍ f(x, y) =

⇢ sinxy

x
, x 6= 0,

y, x = 0.
?ÿ fÎY5, å†5, 9åá5.

): w, f3x 6= 0û¥ÎY!å†±9åá. e°?ÿx = 0ú/. 8y0 2 R,

(1) lim
x!0
y!y0

sinxy

x
= y0 = f(0, y0), §± f3x = 0ûÎY.

(2) f 0
x
(0, y0) = lim

x!0

f(x, y0)� f(0, y0)

x
= lim

x!0

sin xy0

x
� y0

x
= lim

x!0

sinxy0 � xy0
x2

= lim
x!0

y0 cosxy0 � y0
2x

= 0,

f 0
y
(0, y0) = lim

�y!0

f(0, y0 +�y)� f(0, y0)

�y
= lim

�y!0

y0 +�y � y0
�y

= 1,

§± f3x = 0ûå†.

(3) ! = f(�x, y0 +�y)� f(0, y0)� f 0
x
(0, y0)�x� f 0

y
(0, y0)�y = f(�x, y0 +�y)� (y0 +�y).

�x 6= 0û, ! =
sin�x(y0 +�y)

�x
� (y0 +�y) =

sin�x(y0 +�y)��x(y0 +�y)

�x
,

lim
�x!0
�y!0

!

⇢
= lim

�x!0
�y!0

!

�x
· �xp

(�x)2 + (�y)2
= lim

�x!0
�y!0

sin�x(y0 +�y)��x(y0 +�y)

(�x)2
· �xp

(�x)2 + (�y)2
= 0,

�x = 0û, ! = (y0 +�y)� (y0 +�y) = 0. Ek lim
�x!0
�y!0

!

⇢
= 0.

u¥ f3x = 0ûåá.

5: èå±y f 3x = 0ûÎYåá, låá.

o!(10©)¶ºÍ z = x2 + 2y2 � x2y23´çD = {(x, y)|x2 + y2  4}˛Ååä⁄Åä.

)µ

(
z0
x
= 2x� 2xy2 = 0

z0
y
= 4y � 2x2y = 0

)·3DS‹åU4ä:è: (0, 0), (±
p
2,±1).

3D>.x2 + y2 � 4 = 0˛, -.ÇKFºÍ F (x, y,�) = (x2 + 2y2 � x2y2) + �(x2 + y2 � 4),
8
>><

>>:

F 0
x
= 2x(1� y2 + �) = 0

F 0
y
= 2y(2� x2 + �) = 0 )å¶4ä:è (0,±2), (±2, 0), (±

q
5
2 ,±

q
3
2 ),

F 0
�
= x2 + y2 � 4 = 0

z(0, 0) = 0, z(±
p
2,±1) = 2, z(0,±2) = 8, z(±2, 0) = 4, z(±

r
5

2
, ±

r
3

2
) =

7

4
,

'å zÅåäè 8 Åäè 0.

 !£8©§ºÍ f(x, y)3°´çD = {(x, y)|x2 + y2  a2} (a > 0)˛ÎYåá, 3D>.˛ä

è 0. y:

3



(1)

¨

D

f(x, y)dxdy = �
¨

D

x
@f

@x
(x, y)dxdy = �

¨

D

y
@f

@y
(x, y)dxdy;

(2)
��
¨

D

f(x, y)dxdy
��  ⇡a3

3
max

(x,y)2D

✓�@f
@x

�2
+
�@f
@y

�2
◆ 1

2

.

y:  LèD>.. dÇ˙™, k

˛

L

yf(x, y)dx = �
¨

D

✓
f(x, y) + y

@f

@y
(x, y)

◆
dxdy,

˛

L

xf(x, y)dy =

¨

D

✓
f(x, y) + x

@f

@x
(x, y)

◆
dxdy.

u¥ ¨

D

f(x, y)dxdy = �
¨

D

x
@f

@x
(x, y)dxdy = �

¨

D

y
@f

@y
(x, y)dxdy.

lk

��
¨

D

f(x, y)dxdy
�� =

��1
2

¨

D

✓
x
@f

@x
(x, y) + y

@f

@y
(x, y)

◆
dxdy

��

 1

2

��
¨

D

p
x2 + y2

✓�@f
@x

�2
+
�@f
@y

�2
◆ 1

2

dxdy
��

 1

2

¨

D

p
x2 + y2dxdy max

(x,y)2D

✓�@f
@x

�2
+
�@f
@y

�2
◆ 1

2

=
⇡a3

3
max

(x,y)2D

✓�@f
@x

�2
+
�@f
@y

�2
◆ 1

2

.

12Øê{:

8(x, y) 2 D, UX„ê™ (x0, y0), Kd•än

f(x, y) = f(x0, y0) + f 0
x
(⇠, ⌘)(x� x0) + f 0

y
(⇠, ⌘)(y � y0) = f 0

x
(⇠, ⌘)(x� x0) + f 0

y
(⇠, ⌘)(y � y0)

|f(x, y)| = |f 0
x
(⇠, ⌘)(x� x0) + f 0

y
(⇠, ⌘)(y � y0)| 

⇣
(f 0

x
(⇠, ⌘))2 + (f 0

y
(⇠, ⌘))2

⌘ 1
2p

(x� x0)2 + (y � y0)2

-x = ⇢ cos ✓, y = ⇢ sin ✓,M = max
(x,y)2D

✓�@f
@x

�2
+
�@f
@y

�2
◆ 1

2

K

|f(x, y)|  M(a� ⇢)

��
¨

D

f(x, y)dxdy
�� 
¨

D

|f(x, y)|dxdy 
¨

D

M(a� ⇢)⇢d⇢d✓ = M

ˆ 2⇡

0
d✓

ˆ
a

0
(a� ⇢)⇢d⇢ =

⇡a3

3
M.

4



á»© II (1òg)œ•¡ÚÎâY (2023.4.22)

ò!OéeàKµ£zK 6©,  30©§

1. ¶4Å lim
x!0
y!0

1� esin
2(xy)

x2 + y2
.

)µlim
x!0
y!0

1� esin
2(xy)

x2 + y2
= lim

x!0
y!0

� sin2(xy)

x2 + y2
= lim

x!0
y!0

�x
2
y
2

x2 + y2

x=⇢ cos ✓
y=⇢ sin ✓

lim
⇢!0+

(�⇢
2 cos2 ✓ sin2 ✓) = 0.

2.  z = z(x, y)¥dêßx(y2 + z) + ez � 1 = 0(¤ºÍ, ¶
@
2
z

@x@y

���
(x,y)=(0,1)

.

): PF (x, y, z) = x(y2 + z) + ez � 1, K

@z

@x
= �F

0
x(x, y, z)

F 0
z(x, y, z)

= �y
2 + z

x+ ez
,

@z

@y
= �

F
0
y(x, y, z)

F 0
z(x, y, z)

= � 2xy

x+ ez

@
2
z

@x@y
= �

⇣
2y + @z

@y

⌘
(x+ e

z)� (y2 + z)ez @z

@y

(x+ ez)2
.

œèx = 0, y = 1û, z = 0, §±
@z

@y

���
(x,y)=(0,1)

= 0, œd
@
2
z

@x@y

���
(x,y)=(0,1)

= �2.

3. ¶òmÇ

(
x
2 + y

2 + z
2 = 1

2x� y + z = 1
3: (0,�1, 0)?ÉÇÜ{°.

)µÉÇêß
x

�1
=

y + 1

0
=

z

2
, {°êß�x+ 2z = 0.

4. ¶ºÍu = xy + y
2
z
3 + z3:P0?˜êï lêïÍ

@u

@l
(P0), Ÿ•P0

⇣ 1p
2
,
1p
2
, 0
⌘
, l¥

° z = 1� x
2 � y

23P0?{ï˛.

)µPF = z+x
2+y

2�1,K l = (F 0
x, F

0
y, F

0
z)

����
P0

= (2x, 2y, 1)

�����
P0

= (
p
2,
p
2, 1) =

p
5
⇣r2

5
,

r
2

5
,

r
1

5

⌘

u
0
x(P0) = y

����
y= 1p

2

=
1p
2
, u

0
y(P0) = (x+2yz3)

����
( 1p

2
,

1p
2
,0)

=
1p
2
, u

0
z(P0) = (3y2z2+1)

�����
( 1p

2
,

1p
2
,0)

= 1,

@u

@l
(P0) = u

0
x(P0) cos↵+ u

0
y(P0) cos� + u

0
z(p0) cos � =

r
2

5
· 1p

2
+

r
2

5
· 1p

2
+

r
1

5
· 1 =

3p
5
.

5. ¶ºÍ f(x, y) = xe�
x2+y2

2 4ä.

)µf 0
x = (1� x

2)e�
x2+y2

2 , f
0
y = �xye�

x2+y2

2 . -f
0
x = f

0
y = 0, 7:(±1, 0). P

A = f
00
xx = x(x2 � 3)e�

x2+y2

2 , B = f
0
xy = y(x2 � 1)e�

x2+y2

2 , C = f
0
yy = x(y2 � 1)e�

x2+y2

2 .

3 (1, 0)?ßA = �2e�
1
2 , B = 0, C = �e�

1
2 , B

2 �AC < 0, A < 0,  f(1, 0) = e�
1
2 ¥4åä.

3 (�1, 0)?ßA = 2e�
1
2 , B = 0, C = e�

1
2 , B

2 �AC < 0, A > 0,  f(�1, 0) = �e�
1
2 ¥4åä.

1



!OéeàKµ£zK8©, 40©§

1. Oé I1 =

¨

D

f(x)f(y � x)dxdy, Ÿ• f(x) =

⇢
x, 0 6 x 6 2

0, Ÿ¶
, D = {(x, y)

��|x| 6 4, |y| 6 4}.

)µX„§´ßD1 = {(x, y)|0 6 y � x 6 2, 0 6 x 6 2},

K I1 =

¨

D1

x(y � x) dxdy =

ˆ 2

0
dx

ˆ 2+x

x

x(y � x)dy

=

ˆ 2

0

x(y � x)2

2

����
y=2+x

y=x

dx =

ˆ 2

0
2xdx = 4.

2. Oén»© I2 =

˚

⌦

(x+ 2y + 3z)2dxdydz, Ÿ•⌦ : x2 + y
2 + z

2 6 a
2 (a > 0).

)µä‚¤Û5ÜÈ°5,

˚

⌦

(x+ 2y + 3z)2dV =

˚

⌦

(x2 + 4y2 + 9z2)dV .

d”ÜÈ°5, k

˚

⌦

x
2dV =

˚

⌦

y
2dV =

˚

⌦

z
2dV. œd

I2 = 14

˚
⌦
x
2dV =

14

3

˚
⌦
(x2 + y

2 + z
2)dV =

14

3

ˆ 2⇡

0
d✓

ˆ
⇡

0
d'

ˆ
a

0
r
4 sin'dr =

56⇡a5

15
.

3. ¶Ç 2x2 + 2xy + y
2 = 1§å§°´ç°».

)µd 2x2 + 2xy + y
2 = 1x

2 + (x+ y)2 = 1, -u = x, v = x+ y, KÇêßzèu
2 + v

2 = 1,

 J(u, v) = 1, §¶°»èS =

¨
u2+v261

dudv = ⇡.

4. OéÇ»© I3 =

˛
�

p
x2 + y2ds, Ÿ•�¥±x

2 + y
2 = 2ÜÜÇ y = x, y = 0§å†u1ò

ñÅ´ç>..

): Ç�©èn„µ

�1 : y = 0, 0 6 x 6
p
2; �2 : x =

p
2 cos ✓, y =

p
2 sin ✓, 0 6 ✓ 6 ⇡

4
; �3 : y = x, 0 6 x 6 1.

I3 =

ˆ
�1+�2+�3

p
x2 + y2ds =

ˆ p
2

0
xdx+

ˆ ⇡
4

0

p
2 ·

p
2d✓ +

ˆ 1

0

p
2x2

p
2dx = 1 +

⇡

2
+ 1 = 2 +

⇡

2
.

5. Oé I4 =

ˆ
L

(x sin y + x)dx+
⇣1
2
x
2 cos y + xy

⌘
dy, Ÿ•L¥4ãILà™è ⇢ = 1 + cos ✓%9

ÇlO(0, 0)A(2, 0)˜^ûêïò„l.

)µPP = x sin y + x,Q =
1

2
x
2 cos y + xy, dGreen˙™,

I4 =

ˆ
�!
OA

�
¨

D

�
Q

0
x � P

0
y

�
dxdy =

ˆ 2

0
xdx�

¨
D

y dxdy = 2�
ˆ

⇡

0
d✓

ˆ 1+cos ✓

0
⇢ sin ✓ · ⇢d⇢

= 2� 1

3

ˆ
⇡

0
�(1 + cos ✓)3d(1 + cos ✓) = 2� 4

3
=

2

3
.

2



n!(10©) PÇ

⇢
x
2 = z

y = 0
7 z^=ò±)§°Ü z = 1, z = 2§å§·N´çè⌦,

Oé I5 =

˚

⌦

1

x2 + y2 + z2
dxdydz.

)µ°êßèx
2 + y

2 = z, PD(z) : x2 + y
2 6 z. K

™ =

ˆ 2

1
dz

¨

D(z)

1

x2 + y2 + z2
dxdy =

ˆ 2

1
dz

ˆ 2⇡

0
d✓

ˆ p
z

0

⇢

⇢2 + z2
d⇢

= 2⇡

ˆ 2

1

1

2
ln

�
⇢
2 + z

2
�����

⇢=
p
z

⇢=0

dz = ⇡

ˆ 2

1
ln

✓
1 +

1

z

◆
dz

= ⇡z ln

✓
1 +

1

z

◆����
2

1

+ ⇡

ˆ 2

1

1

1 + z
dz

= ⇡ ln
27

16
.

o!(12©) ?ÿºÍ

f(x, y) =

8
><

>:

x
2
y

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

3: (0, 0)?ÎY5, †Í35, êïÍ35, åá5.

)µ(1) lim
x!0
y!0

x
2
y

x2 + y2
= lim

⇢!0+
⇢ cos2 ✓ sin ✓ = 0 = f(0, 0), §± f(x, y)3 (0, 0)?ÎY.

(2) lim
x!0

f(x, 0)�f(0, 0)

x
= lim

x!0
0 = 0 = f

0
x(0, 0), lim

y!0

f(0, y)� f(0, 0)

y
= lim

y!0
0 = 0 = f

0
y(0, 0)

§± f(x, y)3 (0, 0)?å†.

(3) ! = f(x, y)� f(0, 0)� f
0
x(0, 0)x� f

0
y(0, 0)y = f(x, y), ⇢ =

p
x2 + y2.

!

⇢
=

x
2
y

(x2 + y2)⇢
6! 0, (⇢ ! 0), §± f(x, y)3 (0, 0)?ÿåá.

(4)  l = (cos↵, cos�),

@f

@l
(0, 0) = lim

t!0+

f(t cos↵, t cos�)� f(0, 0)

t
= lim

t!0+
cos2 ↵ cos� = cos2 ↵ cos�,

§± f(x, y)3 (0, 0)?˜?øêïêïÍ3.

3



 !(8©) 31òñÅS, LÇ 3x2 + 2xy + 3y2 = a˛?øò:äŸÉÇ, eÉÇÜãI§å§

n/°»Åäè
1

4
, ¶ aä.

)µÉ:P (x, y), K (x, y)˜v 3x2 + 2xy + 3y2 = a.

3êß 3x2 + 2xy + 3y2 = a¸>Èx¶, ) y
0 = �3x+ y

x+ 3y
, L:P ÉÇêßè

Y � y = �3x+ y

x+ 3y
(X � x).

ÉÇÜ¸áãIÂ©Oè

x+
x+ 3y

3x+ y
· y =

a

3x+ y
, y +

3x+ y

x+ 3y
· x =

a

x+ 3y
,

�
˘p|^ 3x2 + 2xy + 3y2 = a

�

n/°»è

S =
1

2

✓
a

3x+ y

◆
·
✓

a

x+ 3y

◆
=

1

2
· a

2

a+ 8xy
.

�
2g|^ 3x2 + 2xy + 3y2 = a

�

Æ a > 0, êI¶xy3^á 3x2 + 2xy + 3y2 = aeÅåä.

-L = xy + �
�
3x2 + 2xy + 3y2 � a

�
, K

8
>><

>>:

L
0
x = y + 6�x+ 2�y = 0,

L
0
y = x+ 2�x+ 6�y = 0,

L
0
�
= 3x2 + 2xy + 3y2 � a = 0,

)x = y =

p
2a

4
, Smin =

1

2
· a

2

a+ 8 ·
p
2a
4 ·

p
2a
4

=
1

4
, l a = 1.

4
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6 Xâ!c? 
“

1. (6©) XJ\“Ån†ÿ±3{Í¥rß“âK1(1 + r)Kú

(1)?ÿf(x, y)3(0, 0)ÎY5!å†5Üåá5"

f(x, y) =

8
<

:

3
p
xy sin 1p

x2+y2
, (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(1)

(2)?ÿf(x, y)3(0, 0)ÎY5!å†5Üåá5"

f(x, y) =

(
(x2 + y2) sinx+ xy2

x2+y2 , (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(2)

(3)?ÿf(x, y)3(0, 0)ÎY5!å†5Üåá5"

f(x, y) =

(
xy sin 1

x2+y2 , (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(3)

2. (6©) XJ\“Ån†ÿ±4{Í¥rß“âK1(r+1)Kú

(1)¶Çy = 1 � x2, z = 07y^=ò±^=°êß,ø¶d^=°

Ü°y = 0, y = 0.5§å·NN»"

£2§ÜÇx�1
0 = y

1 = z
17z^=ò±^=°êß"

£3§¶±Ç� : x2 � y2 = z, x+ y + z = 0èOÇß1ÇRÜu�§3°

Œ°êß"

£4§¶±ÜÇx�1
2 = y

1 = z+1
�2 èÈ°ßåªu2Œ°êß"

3. (6©) XJ\“Å†ÿ±2{Í¥rß“âK1(r + 1)Kú

(1)fåáßz = f(xy, x2 � y2)ß¶y @z
@x + x @z

@y ,
@2z
@x@y



4.(6©)XJ\“Ån†ÿ±4{Í¥rß“âK1(4� r)Kú

) = 0§(ß˘pFåáßOéx @z
@x +

y @z
@y

(1) z = z(x, y)dêßF (x� z
y , y�

z
x

� zßø`d™Üz'"

@x ,
@2

@x@y(2)z = z(x, y)dêßx� z = yex§(ßOé @z z .

(3)f(x, x� y, x� y � z) = 0ßfåáß¶dz

(4)x2 + y2 + z2 = yf( zy )ßfåáß¶dz

5.(6©) fÎYåßz(x, y) =
R y

0
eyf(x� t)dtß¶ @2z

@x@y .

6.

y�z

(6©)XJ\“Ån†ÿ±3{Í¥rß“âK1(3� r)Kú

(1)du = x�z , zez = xex + yey(u¥x, yºÍß¶du

x(2)fåßz = x3f( y
2 , x2 + y2)ß¶ @z

@x ,
@2z
@x@y

(2)x+ y + z = 0, x2 + y2 + z2 = 1ß¶ dy
dx ,

dz
dx

(3)x2 + y2 = 1
2z

2, x+ y + z = 2ß¶dx
dz ,

dy
dz ,

d2x
dz2 ,

d2y
dz2 .



7. (6©)XJ\“Ån†ÿ±4{Í¥rß“âK1(r + 1)Kú

(1)¶1aÇ»©
R
L

xdy�ydx
x2+y2 ßŸ•Lèù¸†±x2 + y2 = 13S

©„1w¸4ÇßUÏ_ûêï»©"

£2§¶1aÇ»©
R
L

xdy�ydx
x2+y2 ßŸ•Lèx2

25 + y2

16 = 1ßUÏ_ûêï

»©"

(3)‰
R
C

x�y
x2+y2 dx + x+y

x2+y2 dy¥ƒÜ¥ª'CèÇx = 2 cos t, y =

sin t(0  t  2⇡)ø˜XtO\êïûß¶T»©"

(4)�èy = sinx˛g:(0, 0)(⇡, 0)ò„ß¶
R
�
( x
1+x2 + y cosxy)dx+ x(1+

cosxy)dy

8. (6©)Kn¿ò

(1)Ü»©gS
R 1

0
dx

R 2�x

x
f(x, y)dy

(2)Ü»©gS
R 1

0
dy

R 3�2y
p
y

f(x, y)dx

£3§Ü»©gS
R 1

0
dx

R p
x

2x�1
f(x, y)dy

9. (6©)XJ\“Ån†ÿ±3{Í¥rß“âK1(1 + r)Kú

(1)
R R

D
(|x� y|+ 2)dxdyßD : x2 + y2  1, x � 0, y � 0

(2)
R R

D
(|x2 + y2 � 2|dxdyßD : x2 + y2  3

(3)
R R

D
|y � x2|dxdyßD : 0  x  1, 0  y  1



10.

(1)

(6©)XJ\“Ån†ÿ±3{Í¥rß“âK1(3� r)Kú
R R

Dqe
x
y dxdyßD : y2 = x, x = 0, y = 1

(2)
R R p

3
p

3
p

£3§
RDR

D

x+ ydxdyßŸ•Dè
p
x+ y = 1ÜãI§å§´ç"

(x+y)3(x�y)2dxdyßD¥dx+y = 1, x+y = 3, x�y = 1, x�y =

�1§å§´ç"

11. (6©) XJ\“Ån†ÿ±3{Í¥rß“âK1(1+ r)Kú
R 1 R x2

00 1� y(1) Oé dx yep
y

dy
R 1

xf(x)dxßŸ•f(x) =
R x2

0 1
(2)Oé e�t2dt

(3)Oé
R R

D
(x+ y)2dxdyßŸ•D : (x2 + y2)2  2(x2 � y2)

12. (6©) XJ\“Ån†ÿ±3{Í¥rß“âK1(3� r)Kú

(1)
R R R ln(1+

R R R⌦
p

x2+y2)

x2+y2 dVß⌦ : z = x2 + y2Üz2 = x2 + y2§å§´ç"

(2)
⌦ ax exp( 1

2 (x2+y2+z2))dVß⌦ : x2+y2+z2  a2, x � 0, y � 0, z � 0

(3)
R R R

⌦

cos
p

x2+y2+z2p
x2+y2+z2

dVß⌦ : ⇡2  x2 + y2 + z2  4⇡2



13. (6©) n¿ò

(1)¶Œ°x2 + y2 = ay0uz =
p
x2 + y2(a > 0)Üxy°Ém‹©°

°»"

(2)¶•°x2 + y2 + z2 = R2†u•°x2 + y2 + (z � a)2 = a2S‹‹©°

°»£0 < R < 2a§"

(3)⌦¥dÇy2 = 2z, x = 07z^=ò±§)§°Ü°z = 2, z =

8§å§´çß¶⌦L°»"

14. (4©) n¿ò

(1)¶f(x, y, z) = xy + yz + xz3:(1, 1, 1)˜
�!
l = (1, 3, 1)êïÍ

(2)¶z = x2 � y23:(1, 1)˜xï§↵ = ⇡
3êï˛êïÍ

(3)¶z = ln 3
p
x2 + y23:P (1, 1)˜

��!
OPêïêïÍ"

15.(6©) °
P
êßè

p
x+

p
y+

p
z = 2,P0(x0, y0, z0)è

P
˛ò:ß¶

P
3P0?

Pn
i=1 xi lnxiß¶3˜v

Pn
i=1 xi =

É°3àáãIÂÉ⁄"

16.(6©) kºÍH(x1, x2, · · · , xn) = 
1eÅåä"



17.

(1)¶

(6©) ¿ò
R
L

y
2
3|y| 23 dsßŸ•Lè(/Çx

2
3 + = 1

(2)¶
R
L
(xy+yz+xz)dsßŸ•Lè•°x2+y2+z2 = 1Ü°x+y+z = 0

Ç"

18.N\K(10©)OédÇy2 = a2 � 2ax, y2 = b2 � 2bx, y2 = m2 + 2mx, y2 

= n2 + 2nx§å§´ç°»£y � 0, b > a > 0, n > m > 0).


