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ò!OéeàK£6©⇥5 = 30©§

1©¶òmÇ

(
x
2 + y

2 + z
2 = 14,

3x+ 2y + z = 10
3:P (1, 2, 3)?{°ÜÉÇêß.

2. ¶Œ°x
2 + y

2 = ay (a > 0)†u•°x
2 + y

2 + z
2 = a

2S‹©°°».

3. Oé1aÇ»© I1 =

ˆ
C
cos(x+ y

2)dx+
�
2y cos(x+ y

2)�
p
1 + y4

�
dy, Ÿ•Cè^”

Çx = a(t� sin t), y = a(1� cos t), dO(0, 0)A(2⇡a, 0), Ÿ• a > 0.

4. Oé1òa°»© I2 =

¨

S

(xy+yz+zx)dS,Ÿ•SèI° z =
p

x2 + y2Œ°x
2+y

2 =

2ax (a > 0)§e‹©.

5. ?ÿ2¬»©

ˆ +1

0
x
p�1e�xdxÒ—5.

!OéeàK£8©⇥5 = 40©§

1. ?ÿÍë?Í
1X

n=1

n
n�1

(2n2 + n+ 1)
n+1
2

Ò—5.

2. ?ÿÍë?Í
1X

n=2

sin(n⇡6 )
p
n
Ò—5. XJ¬Òß¥˝È¬ÒÑ¥^á¬Ò

3. ¶Íë?Í
1X

n=1

(�1)n�1

n

⇣
1� 1

3n

⌘
⁄.

4. ¶á©êß
dy

dx
=

3x2 + 2xy � y
2

2xy � x2
œ»©.

5. ¶á©êß
dy

dx
=

x
4 + y

3

xy2
œ»©.

n!£K10©§Oé I3 =

ˆ
C
y
2dx + z

2dy + x
2dz, Ÿ•C¥°x + y + z = 11ò%Å‹©Ün

áãI°Çßl z±ï zKïw¥_ûêï.

o!£K10©§Oé I4 =

¨

S

4xzdydz � 2yzdzdx + (1 � z
2)dxdy, Ÿ•SèÇ z = ey(0  y 

a)7 z^=)§^=°ße˝.

 !£K10©§ f(x) =
1X

n=1

2(2n)!!

(2n+ 1)!!(n+ 1)
x
2(n+1)

, x 2 (�1, 1). ¶— f(x)˜vá©êßßø

¶)É. Oé
1X

n=1

n!

(2n+ 1)!!(n+ 1)
.
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á»© II£1òg§œ"¡Ú (2022.6.13)

ò!{âK£8©⇥6 = 48©§

1. Oé I =

¨

D

x
2dxdy, Ÿ•D¥dÇxy = 1, xy = 2±9 y = x, y = 2x§å„/31òñÅ

‹©.

2. y?Í
1X

n=1

n

⇣
cos(

1

n
+

1

n2
)� cos(

1

n
� 1

n2
)
⌘
˝È¬Ò.

3. ¶ºÍë?Í
1X

n=1

x
n

n(n+ 1)
⁄ºÍ9¬Òç.

4. ¶êß y
00 + ey

0
= 0, y(0) = 0, y0(0) = 0).

5. ¶ºÍ y =
p
1� x2ÍéN–™.

6. ¶ºÍ y = x (x 2 [0,⇡]){u?Í.

!(10©) Æ y = exèêß y
00 + tanx y

0 � (1 + tanx)y = 0òá), ¶êßœ).

n!(10©) Oé1.°»© I =

¨

⌃

xdydz + dzdx +
1

1 + z
dxdy, Ÿ•⌃ = {(x, y, z) 2 R3 :

x
2 + y

2 + z
2 = 1, z � 0}, ˛˝.

o!(10©) Æ1.Ç»© IL =

ˆ
L
(x + y

2 + ez)dx + (2xy + yz)dy + R(x, y, z)dzÜ¥ª',

R(0, 0, z) = z
2. ¶ºÍR(x, y, z)Là™±9LÂ:è (0, 0, 0), ™:è (1, 1, 1)û ILä.

 !(10©)ÆA = lim
t!0+

1

tk

˚

⌦(t)

(exy�1)dxdydzèö"~Í, ¶A9 kä,Ÿ•⌦(t) = {(x, y, z) 2

R3 : x2 + y
2 + z

2  t
2}.

8!(12©)  f(x)èR˛k.ÎYºÍ, PM = sup
x2R

|f(x)|. ¶êß y
00 � y = f(x) (�1 < x <

1)k.), øyÈ?øx 2 R, k |y(x)|  M .
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á»© II£1òg§œ"¡Ú (2023.6.14)

ò!OéeàK£zK 6©,  3K, ‹O 18 ©§

1. u = exy
2
+ ln(x+ y + z

2), ¶u3:P (1,�1, 1)?á©.

2. ¶•°x
2 + y

2 + z
2 = a

2Œ°x
2 + y

2 = ax(a > 0)e‹©°°».

3. ¶?Í
1P
n=1

2n�1
3n ⁄.

!OéeàK£zK 7©,  3K, ‹O 21 ©§

1. ¶ºÍ f(x) =
5x� 12

x2 + 5x� 6
ÍéN?Íßøâ—Ÿ¬Òç.

2. ¶á©êß y
0 � y = xy

5œ»©.

3. ¶á©êß y
00 � 8y0 + 16y = xe4xœ).

n. (K10©§¶˝•°x
2 + 2y2 + z

2 = 1˛1u°x� y + 2z = 0É°êß.

o. (K10©§⌦ : x2 + y
2 + z

2  2z, ⌃è·N⌦L°ß¶°»©

¨

⌃

(x4 + y
4 + z

4 � z
3)dS.

 . (K10©§?ÿ?Í
1X

n=2

(�1)n

np + (�1)n
Ò—5 (˝È¬Ò/^á¬Ò/u—), Ÿ• p > 0.

8. (K10©§¡ÚºÍ f(x) =

⇢ 1+x2

x arctanx, x 6= 0,

1, x = 0,
–§xò?Íßø¶?Í

1X

n=1

(�1)n

1� 4n2


⁄.

‘. (K10©§ºÍ f(x)¥±œè 2±œºÍßÖ f(x) = 2 + |x|, x 2 [�1, 1].

1. ¶ f(x)3 [�1, 1]˛Fpì–m™

2. ¶?Í
1X

n=0

1

(2n+ 1)2
⁄

3. ¶?Í
1X

n=1

1

n2
⁄.

l. (K11©§¶á©êß y
00 � y =

e2x

1 + ex
+ cosxœ).
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á»© II£1òg§œ"¡ÚÎâY (2021.6.22)

ò! 1©{°êßèx� 2y + z = 0, ÉÇêßè
x� 1

1
=

y � 2

�2
=

z � 3

1
.

2. 4a2. 3. sin(2⇡a). 4.
64

15

p
2a4. 5. = p > 0û¬Ò

!1. ¬Ò. 2. ^á¬Ò. 3. ln
3

2
. 4. x3 + x

2
y � xy

2 = C. 5. y3 = x
3(C + 3x).

n!�1. o! (e2a � 1)⇡a2.

 !f(x)˜vá©êßè f
00(x)� x

1� x2
f
0(x) =

8x2

1� x2
, ˘¥'u f

0(x)òÇ5á©êßß)

f
0(x) =

1p
1� x2

⇣
C1+4arcsinx�4x

p
1� x2

⌘
,d f

0(0) = 0C1 = 0, f
0(x) = 4

⇣ arcsinxp
1� x2

�x

⌘
,

¸>2»© f(x) = 2(arcsinx)2 � 2x2 +C2, d f(0) = 0C2 = 0, §± f(x) = 2(arcsinx)2 � 2x2.
1X

n=1

n!

(2n+ 1)!!(n+ 1)
= f(

1p
2
) =

⇡
2

8
� 1.

á»© II£1òg§œ"¡ÚÎâY (2022.6.13)

ò! 1.
3

8
.

2.
���n
⇣
cos(

1

n
+

1

n2
)� cos(

1

n
� 1

n2
)
⌘��� = 2n sin

1

n
sin

1

n2
 2

n2
, ?Í

1X

n=1

2

n2
¬Òß?Í˝È¬Ò.

3. ¬Òçè[�1, 1]ß⁄ºÍS(x) =

8
>><

>>:

� ln(1� x) + 1 + ln(1�x)
x , x 2 [�1, 1), x 6= 0,

1, x = 1,

0, x = 0.

4. y = �x ln(1 + x) + x� ln(1 + x).

5.
p
1� x2 = 1� x

2

2
�

1X

n=2

(2n� 3)!!

(2n)!!
x
2n
, (|x|  1).

6. x{u?Íè
⇡

2
+

1X

n=1

2

n2⇡
((�1)n � 1) cos(nx), x 2 [0,⇡].

. œ)è y = c1e
x + c2e

�x(sinx� 2 cosx), Ÿ•c1, c2 è?ø~Í.

n. (
8

3
� 2 ln 2)⇡.

o. R(x, y, z) = xez +
1

2
y
2 + z

2. L Â:è(0, 0, 0), ™:è(1, 1, 1) û, IL = e + 7
3 .

 . ): dV˙™åß (x, y, z) 2 ⌦(t)û, exy � 1 = xy + 1
2x

2
y
2 + o(t4).

˚

⌦(t)

(exy � 1)dxdydz =
1

2

˚

⌦(t)

x
2
y
2dxdydz + o(t7) =

¨

x2+y2t2

x
2
y
2
p

t2 � x2 � y2dxdy + o(t7)
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=

ˆ 2⇡

0
cos2 ✓ sin2 ✓d✓

ˆ t

0
⇢
5
p

t2 � ⇢2d⇢+ o(t7)
(
p
t2�⇢2=u) ⇡

4

ˆ t

0
u
2(t2 � u

2)2du+ o(t7)

=
2⇡

105
t
7 + o(t7). œd k = 7, A =

2⇡

105
.

8. ): ‡gêßœ)è y = c1ex + c2e�x.

|^~ÍC¥{, ö‡gêß)è y = c1(x)e
x + c2(x)e

�x, Kk
(

c
0
1(x)e

x + c
0
2(x)e

�x = 0

c
0
1(x)e

x � c
0
2(x)e

�x = f(x)
)

(
c
0
1(x) =

1
2f(x)e

�x

c
0
2(x) = �1

2f(x)e
x

èyêß)èk.), /™˛Iá c1(+1) = 0, c2(�1) = 0.

lÇ c1(x) =
1

2

ˆ x

+1
f(t)e�tdt, c2(x) = �1

2

ˆ x

�1
f(t)etdt.

œd/™˛ö‡gêß)è y(x) =
ex

2

ˆ x

+1
f(t)e�tdt� e�x

2

ˆ x

�1
f(t)etdt.

”ûduÈ?ø t 2 R, |f(t)|  M , l

|y(x)|  ex

2

����
ˆ x

+1
f(t)e�tdt

����+
e�x

2

����
ˆ x

�1
f(t)etdt

���� 
Mex

2

ˆ +1

x
e�tdt+

Me�x

2

ˆ x

�1
etdt  M.

á»© II£1òg§œ"¡ÚÎâY (2023.6.14)

ò!1. du

����
(1,�1,1)

= (e + 1)dx+ (�2e + 1)dy + 2dz; 2. 2a2(⇡ � 2); 3.
1X

n=1

2n� 1

3n
= 1.

!1.
1X

n=0

⇣
1+

(�1)n

6n

⌘
x
n
, x 2 (�1, 1). 2. y4(Ce�4x�x+

1

4
) = 1. 3. y = (C1+C2x)e

4x+
x
3e4x

6
.

n!x� y + 2z = ±
r

11

2
. o!

32⇡

5
.

 !p > 1û˝È¬Ò
1

2
< p  1û^á¬Ò0 < p  1

2
ûu—.

8!f(x) = 1 +
1X

n=1

(�1)n2

1� 4n2
x
2n
, x 2 [�1, 1];

1X

n=1

(�1)n

1� 4n2
=

f(1)� 1

2
=

⇡

4
� 1

2
.

‘!1. f(x) =
5

2
� 4

⇡2

1X

n=0

cos((2n+ 1)⇡x)

(2n+ 1)2
; 2.

1X

n=0

1

(2n+ 1)2
=

⇡
2

8
; 3.

1X

n=1

1

n2
=

⇡
2

6
.

l!y = C1e
�x + C2e

x � 1

4
ex +

1

2
� xe�x +

ex + e�x

2
ln(1 + ex)� 1

2
cosx.
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2022c18Kµ

 f(x)èR˛k.ÎYºÍ, PM = sup
x2R

|f(x)|. ¶êß y
00 � y = f(x) (�1 < x < 1)k.),

øyÈ?ø x 2 R, k |y(x)|  M .

): ‡gêßœ)è y = c1ex + c2e�x.

|^~ÍC¥{, ö‡gêß)è y = c1(x)e
x + c2(x)e

�x, Kk
(

c
0
1(x)e

x + c
0
2(x)e

�x = 0

c
0
1(x)e

x � c
0
2(x)e

�x = f(x)
)

(
c
0
1(x) =

1
2f(x)e

�x

c
0
2(x) = �1

2f(x)e
x

èyêß)èk.), /™˛Iá c1(+1) = 0, c2(�1) = 0.

lÇ c1(x) =
1

2

ˆ x

+1
f(t)e�tdt, c2(x) = �1

2

ˆ x

�1
f(t)etdt.

œd/™˛ö‡gêß)è y(x) =
ex

2

ˆ x

+1
f(t)e�tdt� e�x

2

ˆ x

�1
f(t)etdt.

”ûduÈ?ø t 2 R, |f(t)|  M , l

|y(x)|  ex

2

����
ˆ x

+1
f(t)e�tdt

����+
e�x

2

����
ˆ x

�1
f(t)etdt

���� 
Mex

2

ˆ +1

x
e�tdt+

Me�x

2

ˆ x

�1
etdt  M.

÷øyµèyêß)èk.), /™˛Iá c1(+1) = 0, c2(�1) = 0.

c
0
1(x) =

1

2
f(x)e�x, K c1(x) = c1(a) +

1

2

ˆ x

a
f(x)e�xdx

c
0
2(x) = �1

2
f(x)ex, K c2(x) = c2(a)�

1

2

ˆ x

a
f(x)exdx.

2¬»©

ˆ +1

a
f(x)e�xdx¬Òß§± lim

x!+1
c1(x)3. ”nß lim

x!�1
c2(x)3.

|c2(x)|  |c2(a)|+
1

2

ˆ x

a
|f(x)|exdx  |c2(a)|+

M

2
(ex� ea)  |c2(a)|+

M

2
ex  Mex (xø©å)

á¶ y = c1(x)ex + c2(x)e�xk.ß=3~ÍN , ¶ |y|  N ,

 c1(x)ex = y � c2(x)e�x, |c1(x)ex|  |y|+ |c2(x)|e�x  N +Mexe�x = N +M ,

§± |c1(x)|  (N +M)e�x. §± lim
x!+1

c1(x) = 0.

aq/ß

|c1(x)|  |c1(a)|+
1

2

ˆ a

x
|f(x)|e�xdx  |c1(a)|+

M

2
(e�x � e�a)  |c2(a)|+

M

2
e�x  Me�x,

(x < 0Ö |x|ø©å)

c2(x)e�x = y � c1(x)ex, |c2(x)e�x|  |y|+ |c1(x)|ex  N +Mexe�x = N +M ,

§± |c2(x)|  (N +M)ex. §± lim
x!�1

c2(x) = 0.
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á»©II(1òg)œ"¡Ú (2018.7.3)

ò!OéeàK(6©⇥ 5=30©)

1©u = f(
p
x2 + y2 + z2 ), Ÿ• f(v)‰kÎYÍß¶

@2u

@x@y
.

2. ?ÿ2¬»©

ˆ +1

1

1

x n
p
1 + x

dxÒ—5.

3. ¶ò?Í
1X

n=1

(x� 3)2n

n5n
¬Òç.

4. ¶á©êß (x� sin y)dy + tan ydx = 0˜v–©^á y(1) =
⇡

6
A).

5. ¶á©êß
⇣1
y
sin

x

y
� y

x2
cos

y

x
+ 5

⌘
dx+

⇣
� x

y2
sin

x

y
+

1

x
cos

y

x
+

6

y3

⌘
dy = 0œ»©.

!(10©) Oé I1 =

¨

S

(x3 + az2)dydz + (y3 + ax2)dzdx + (z3 + ay2)dxdy, Ÿ•Sè

° z =
p

a2 � x2 � y2 (a > 0)˛˝.

n!(10©) Oé I2 =

˛
C

(y2� z2)dx+(z2�x2)dy+(x2� y2)dz, Ÿ•C¥·êN 0  x  a, 0 

y  a, 0  z  aL°Ü°x+ y + z =
3a

2
Çßel zïw¥_ûêï.

o!(10©) È~Í p, ?ÿÍë?Í
1X

n=1

(�1)n�1

p
n+ 2�

p
n

np
¤û˝È¬Òß¤û^á¬Òß¤û

u—.

 !(10©) ¡ÚºÍ f(x) =
x2 � 4x+ 14

(x� 3)2(2x+ 5)
–§ÍéN?Íßø—Ÿ¬Òç.

8!(10©) ÚºÍ f(x) =
x

4
3 [0,⇡]˛–m§u?Íßø¶?Í 1+

1

5
� 1

7
� 1

11
+

1

13
+

1

17
�· · · 

⁄.

‘!(10©) ¶á©êß y00 � y = 2x+ e2x cosxœ).

l!(10©) (1) (ö˚)â)ºÍ f(x)È¬çS?ø¸:x, yk™f(x+y) =
f(x) + f(y)

1� 4f(x)f(y)
,

Ö f 0(0) = a (a 6= 0), ¶ºÍ f(x).

(2) (˚)â) Æ

ˆ 1

0
f(ax)da =

1

2
f(x) + 1, ¶ f(x)˜vá©êßø¶ f(x).

1



á»© II£1òg§œ"¡Ú (2019.6.17)

ò!OéeàK(6©⇥ 5=30©)

1©¶°x+ 4y � 8z = 18Œ°x2 + y2 = 6y§‹©°».

2. ?ÿ?Í
1X

n=1

n arcsin
⇡

5n
Ò—5.

3. ?ÿ2¬»©

ˆ 1

0

x3p
1� x4

dxÒ—5.

4. ¶á©êß 2xy · y0 � y2 + x = 0).

5. ¶á©êß
dy

dx
=

x2 � y + 5

x+ y2 + 2
œ»©.

!(10©) ¶LÜÇL :

(
10x+ 2y � 2z = 27,

x+ y � z = 0
ÖÜ°S : 3x2 + y2 � z2 = 27ÉÉÉ°

êß.

n!(10©) C : x = a(t � sin t), y = a(1 � cos t), t : 0 ! 2⇡è^”Çòˇßêïd:

A(2⇡a, 0), Oé I1 =

ˆ
C

((x+ y + 1)ex � ey + y)dx+ (ex � (x+ y + 1)ey � x)dy.

o!(10©) Oé I2 =

¨

S

2x3dydz+2y3dzdx+3(z2�1)dxdy, Ÿ•Sè° z = 1�x2�y2 (z �

0)˛˝.

 !(10©) O?Í

1X

n=1

1 + 1
2 + 1

3 + · · ·+ 1
n

(n+ 1)(n+ 2)
Ò—5e¬Òß¶Ÿ⁄.

8!(10©) ¶ò?Í
1X

n=1

2n� 1

2n
x2n�2¬Òç!⁄ºÍßøddOé

1X

n=1

2n� 1

2n
⁄.

‘!(10©) ÚºÍ f(x) = ⇡2 � x23 (�⇡,⇡)˛–m§{u?Íßø¶?Í
1X

n=1

1

n2
,

1X

n=1

(�1)n+1

n2
,

1X

n=1

1

(2n� 1)2
⁄.

l!(10©) Æ y1 = xex + e2x, y2 = xex + e�x, y3 = xex + e2x � e�x¥,Ç5ö‡gá©

êßná)ß¶—dá©êßß—Ÿœ).

2



á»© II£1òg§œ"¡Ú (2020.8.18)

ò!£8©§ f(x, y) =

8
><

>:

xy sin
1p

x2 + y2
, (x, y) 6= (0, 0),

0, (x, y) = (0, 0).
?ÿ f(x, y)3: (0, 0)?ÎY

5!å†5!åá5±9ÎYåá5.

!OéeàK£7©⇥3 = 21©§

1©¶LÜÇL :

(
10x+ 2y � 2z = 27,

x+ y � z = 0
ÖÜ° 3x2 + y2 � z2 = 27ÉÉ°êß.

2. ¶^=‘°x2 + y2 = 2az (a > 0)Üå•° z =
p

3a2 � x2 � y2§å·NL°».

3. Oé I =

¨

D

1

x4 + y2
dxdy, Ÿ•D : x � 1, y � x2.

n!OéeàK£7©⇥3 = 21©§

1. Oé I =

ˆ
C

2xdx+ zdy+(x+2y� z)dz, Ÿ•C¥Ç

(
x2 + y2 + z2 = 1,

y = z
˛l:A(1, 0, 0)

B(0,
1p
2
,
1p
2
) †u1ò%Åò„Ç.

2. Oé I =

˛
C

y2

2
dx�xzdy+

y2

2
dz, Ÿ•C¥Ç

(
x2 + y2 + z2 = R2,

x+ y = R.
l yïw¥ù

^ûêï.

3. Oé°»© I =

¨

S

(x3 + az2)dydz + (y3 + ax2)dzdx + (z3 + ay2)dxdy, Ÿ•Sè z =

p
a2 � x2 � y2 ˝.

o!OéeàK£7©⇥4 = 28©§

1. ?Í
1X

n=1

⇣ 1

n
� arctan

1

n

⌘
Ò—5.

2. O?Í
1X

n=1

(�1)n+1 (2n� 1)!!

(2n)!!
Ò—5.£J´µ

(2n� 1)!!

(2n)!!
<

1p
2n+ 1

§

3. ¶
1X

n=0

(n+ 1)2xn⁄ºÍßø¶Íë?Í
1X

n=0

(�1)n(n+ 1)2
1

3n
⁄.

4.  f(x)¥±œè 2±œºÍ, ß3 [�1, 1]˛Là™è f(x) = x2. Ú f(x)–m§Fpì?Íß

ø¶?Í

1X

n=1

(�1)n+1

n2
⁄.

 !OéeàK£7©⇥2 = 14©§

1. ¶á©êß
dy

dx
= sin(1+ x+ y), y(0) = �1A). 2. ¶á©êß

dy

dx
=

y3

2(xy2 � x2)
œ).

8!(8©) ¶á©êß y00 + 2y0 + y = xe�xœ).

3



á»©II£1òg§œ"¡ÚÎâY2018.7.3

ò!1©):
@u

@x
= f 0(

p
x2 + y2 + z2)

xp
x2 + y2 + z2

,

@2u

@x@y
=

xy

x2 + y2 + z2
f 00(

p
x2 + y2 + z2)� xy

(x2 + y2 + z2)
3
2

f 0(
p
x2 + y2 + z2)

2. ): +1¥çò¤:. lim
x!+1

1

x n
p
1 + x

· x1+
1
n = 1, 1 + 1

n
> 1, §±2¬»©¬Ò"

3. )µ- t = (x � 3)2, Èu?Í
1X

n=1

tn

n5n
, an =

1

n5n
, lim
n!1

an+1

an
= lim

n!1

n · 5n

(n+ 1)5n+1
=

1

5
, §

±R = 5. t = 5ûß?Íè
1X

n=1

1

n
, u—; §± 0  (x � 3)2 < 5, ) 3 �

p
5 < x < 3 +

p
5, ¬Ò

çè (3�
p
5, 3 +

p
5).

4. ): êßzè
dx

dy
+ x cot y = cos y, 'ux¥òÇ5êßß)

x = e�
´
cot ydy(C +

ˆ
cos ye

´
cot ydydy) =

C

sin y
+

sin y

2
.

y(1) =
⇡

6
ì\C =

3

8
, §±§¶A)è 8x sin y = 3 + 4 sin2 y.

5. ˘¥òáá©êßßœ)èsin
y

x
� cos

x

y
+ 5x� 3

y2
= C.

!): S1 : z = 0, ((x, y) 2 D) e˝, Ÿ•D : x2 + y2  a2. ⌦¥SÜS1§å·Nß

P = x3 + az2, Q = y3 + ax2, R = z3 + ay2, K¨

S+S1

Pdydz+Qdzdx+Rdxdy=

˚

⌦

3(x2 + y2 + z2)dxdydz=3

ˆ 2⇡

0
d✓

ˆ ⇡
2

0
d'

ˆ
a

0
r4 sin'dr=

6⇡a5

5
,

¨

S1

Pdydz +Qdzdx+Rdxdy = �
¨

D

ay2dxdy = �a

ˆ 2⇡

0
d✓

ˆ
a

0
⇢3 sin2 ✓d⇢ = �⇡a5

4
,

§± I =
6⇡a5

5
+

⇡a5

4
=

29

20
⇡a5

n!): C§å8>/èS : x + y + z =
3a

2
, ˛˝ßKS°»è

3
p
3

4
a2. dd˜éd˙

™ß I2 = � 4p
3

¨

S

(x+ y + z)dS = � 4p
3
· 3a
2

¨

S

dS = � 4p
3
· 3a
2

· 3
p
3

4
a2 = �9

2
a3.

o!): an =

p
n+ 2�

p
n

np
=

2

np(
p
n+ 2 +

p
n)

⇠ 1

np+1/2
ß§± p >

1

2
û˝È¬Òß�1

2
<

p  1

2
ûßö˝È¬Ò. �1

2
< p  1

2
ûß?Í¥Ü?Íß^4ŸZ]O{å?Í^á¬

Òp  �1

2
ûßòÑëÿ™ïu0ß?Íu—.

 !)µf(x) =
x2 � 4x+ 14

(x� 3)2(2x+ 5)
=

1

2x+ 5
+

1

(x� 3)2
=

1

5
(1 +

2

5
x)�1 +

1

9
(1� x

3
)�2

(1 +
2

5
x)�1 = 1 +

1X

n=1

(�1)(�2) · · · (�n)

n!
(
2

5
x)n = 1 +

1X

n=1

(�1)n
2n

5n
xn, x 2 (�5

2
,
5

2
),

4



(1� x

3
)�2 = 1 +

1X

n=1

(�2)(�3) · · · (�n� 1)

n!
(�x

3
)n = 1 +

1X

n=1

n+ 1

3n
xn, x 2 (�3, 3),

§± f(x) =
1X

n=0

⇣n+ 1

3n+2
+ (�1)n

2n

5n+1

⌘
xn, x 2

⇣
� 5

2
,
5

2

⌘
.

8!f(x) =
1

2

1X

n=1

(�1)n+1

n
sinnx, x 2 [0,⇡).

3˛™•x =
⇡

2
,  I = 1� 1

3
+

1

5
� 1

7
+

1

9
� · · · = ⇡

4
, u¥

1 +
1

5
� 1

7
� 1

11
+

1

13
+

1

17
� · · · = I +

1

3
� 1

9
+

1

15
� 1

21
+ · · · = I +

1

3
I =

⇡

3
.

‘!y = C1e
x + C2e

�x � 2x+
e2x

10
(cosx+ 2 sinx).

l!)µ(1) 3 f(x+ y) =
f(x) + f(y)

1� 4f(x)f(y)
•-x = y = 0 f(0) = 0.

œè f 0(0)3ß§± f(x)3x = 0ÎYß= lim
x!0

f(x) = f(0) = 0.

Ö f 0(0) = lim
y!0

f(y)� f(0)

y
= lim

y!0

f(y)

y
.

lim
y!0

f(x+ y)� f(x)

y
= lim

y!0

f(x)+f(y)
1�4f(x)f(y) � f(x)

y
= lim

y!0

f(y)

y
(1+ 4f2(x)) = f 0(0)(1+ 4f2(x)),

= f 0(x) = a(1 + 4f2(x)), ˘¥òáå©lC˛êßß) f(x) =
1

2
tan(2ax+ C),

d f(0) = 0C = 0, §± f(x) =
1

2
tan(2ax).

(2) f 0(x)� 1

x
f(x) = �2

x
, f(x) = 2 + Cx.

á»© II£1òg§œ"¡ÚÎâY (2019.6.17)

ò! 1©)µ°êßè z =
1

8
x+

1

2
y � 9

4
, (x, y) 2 D, Ÿ•D : x2 + (y � 3)2  9.

K§¶°»S =

¨

D

q
1 + (z0x)

2 + (z0y)
2dxdy =

¨

D

9

8
dxdy =

9

8
· 9⇡ =

81

8
⇡.

2. )µan = n arcsin
⇡

5n
, lim
n!1

an+1

an
= lim

n!1

(n+ 1) · ⇡

5n+1

n · ⇡

5n
=

1

5
< 1, §±?Í¬Ò.

3. )µx = 1¥¤:. lim
x!1�

x3p
1� x4

·
p
1� x = lim

x!1�

x3p
(1 + x)(1 + x2)

=
1

2
, §±2¬»©¬Ò.

4. )µ̆ ¥À„|êßß- y2 = u, êßzè du
dx � 1

x
u = �1, œ»©è y2 = Cx� x ln |x|.

5. )µêßzè (x2�y+5)dx�(x+y2+2)dy = 0,¥á©êßßœ»©è x
3�y

3

3 �xy+5x�2y = C.

!)µÜÇLL:M0(
27
8 ,�

27
8 , 0), êïï˛è (10, 2,�2)⇥ (1, 1,�1) = 8(0, 1, 1).

É:è (x0, y0, z0), K{ï˛è (3x0, y0,�z0), É°êßè 3x0x+ y0y � z0z = 27.

5



§±

8
>><

>>:

3x0 · 27
8 + y0 · (�27

8 ) = 27,

(3x0, y0, z0) · (0, 1, 1) = 0,

3x20 + y20 � z20 = 27.

) (x0, y0, z0) = (3, 1, 1) (�3,�17,�17),

§±É°êßè 9x+ y � z = 27 9x+ 17y � 17z = �27.

n!): PP (x, y) = (x+ y+1)ex � ey + y, Q(x, y) = ex � (x+ y+1)ey � x, K
@Q

@x
� @P

@y
= �2

ˆ
C+AO

Pdx+Qdy = �
¨

D

(�2)dxdy (Ÿ•Dè^”ÇòˇÜx§å´ç)

= 2

ˆ 2⇡a

0
ydx = 2

ˆ 2⇡

0
a2(1� cos t)2dt = 6⇡a2,

§± I1 = 6⇡a2 +

ˆ 2⇡a

0
((x+ 1)ex � 1)dx = 6⇡a2 + 2⇡a(e2⇡a � 1).

o!ê{ò: S1 : z = 0, (x2 + y2  1), e˝, K¨

S+S1

2x3dydz + 2y3dzdx+ 3(z2 � 1)dxdy =

˚

⌦

6(x2 + y2 + z)dxdydz (ŒãI)

= 6

ˆ 2⇡

0
d✓

ˆ 1

0
d⇢

ˆ 1�⇢
2

0
(⇢3 + ⇢z)dz = 2⇡, §±

I2 = 2⇡ �
¨

S1

2x3dydz + 2y3dzdx+ 3(z2 � 1)dxdy = 2⇡ +

¨

x2+y21

(�3)dxdy = �⇡.

ê{: S : z = 1� x2 � y2, (x, y) 2 D, D : x2 + y2  1, K

I2 =

¨

D

⇣
2x3(�z0x) + 2y3(�z0y) + 3

�
(1� x2 � y2)2 � 1

�⌘
dxdy

=

¨

D

(7x4 + 7y4 � 6x2 � 6y2 + 6x2y2)dxdy (4ãI)

=

ˆ 2⇡

0
d✓

ˆ 1

0

⇣
7⇢5 cos4 ✓ + 7⇢5 sin4 ✓ � 6⇢3 + 6⇢5 cos2 ✓ sin2 ✓

⌘
d⇢ = �⇡.

 !)µx > 0ûß
x

1 + x
< ln(1 + x), -x =

1

k
, K

1

k + 1
< ln

⇣
1 +

1

k

⌘
,  k = 1, 2, · · · , n� 1,

2Úà™É\å an = 1+
1

2
+ · · ·+ 1

n
< lnn+1 < 2 lnn (n � 3), §±

an
(n+ 1)(n+ 2)

<
2 lnn

n2
.

 lim
n!1

2 lnn

n2
· n

3
2 = 0, §±?Í

1X

n=1

2 lnn

n2
¬Ò. d'O{ß?Í

1X

n=1

an
(n+ 1)(n+ 2)

¬Ò.

Sn =
nX

k=1

ak
(k + 1)(k + 2)

=
nX

k=1

ak
⇣ 1

k + 1
� 1

k + 2

⌘
=

a1
2

+
a2 � a1

3
+ · · ·+ an � an�1

n+ 1
� an

n+ 2

= 1� 1

n+ 1
� an

n+ 2
, §±

1X

n=1

an
(n+ 1)(n+ 2)

= lim
n!1

Sn = 1.

8!)µ- t = x2, Èu?Í
1X

n=1

2n� 1

2n
tn�1, an =

2n� 1

2n
, lim
n!1

an+1

an
= lim

n!1

(2n+ 1) · 2n

(2n� 1)2n+1
=

1

2
,

6



§±R = 2. t = 2ûß?Íè
1X

n=1

2n� 1

2
u—; §± 0  x2 < 2, ¬Òçè (�

p
2,
p
2).

S(x)=
1X

n=1

2n� 1

2n
x2n�2, K

ˆ
x

0
S(x)dx=

1X

n=1

1

2n
x2n�1 =

1

x

1X

n=1

⇣x2

2

⌘n

=
x
2

2 · 1
x

1� x2

2

=
x

2� x2
,

§±S(x) =
⇣ x

2� x2

⌘0
=

2 + x2

(2� x2)2
, x 2 (�

p
2,
p
2).

1X

n=1

2n� 1

2n
= S(1) = 3.

‘!)µf(x)¥ÛºÍß§± bn = 0, n = 1, 2, · · · .

a0 =
2

⇡

ˆ
⇡

0
(⇡2 � x2)dx =

4⇡2

3
, an =

2

⇡

ˆ
⇡

0
(⇡2 � x2) cosnxdx =

4(�1)n+1

n2
, n = 1, 2, · · · ,

§±⇡2 � x2 =
2

3
⇡2 +

1X

n=1

4(�1)n+1

n2
cosnx, x 2 [�⇡,⇡].

ì\x = 0
1X

n=1

(�1)n+1

n2
=

⇡2

12
, ì\x = ⇡

1X

n=1

(�1)n+1

n2
=

⇡2

6
,

1X

n=1

1

n2
+

1X

n=1

(�1)n+1

n2
=

1X

n=1

2

(2n� 1)2
=

⇡2

6
+

⇡2

12
=

⇡2

4
, §±

1X

n=1

1

(2n� 1)2
=

⇡2

8
.

l!)µ y1 � y3 = e�x¥ÈA‡gêßòá)ßK y4 = y2 � e�x = xex¥ö‡gêßòá

)ßy1 � y4 = e2x¥ÈA‡gêß,òá)"§±�1, 2¥Aä"

Ç5ö‡gá©êßè y00� y0� 2y = f(x), Ú y4 = xexë\êßå f(x) = (1� 2x)ex.

§±á©êßè y00 � y0 � 2y = (1� 2x)ex, œ)è y = C1e�x + C2e2x + xex.

á»© II£1òg§œ"¡ÚÎâY (2020.8.18)

ò! )µ lim
x!0
y!0

f(x, y) = 0 = f(0, 0), §± f(x, y) 3 (0, 0) ?ÎY.

f 0
x(0, 0)= lim

x!0

f(x, 0)� f(0, 0)

x
= 0, f 0

y(0, 0)= lim
y!0

f(0, y)� f(0, 0)

y
= 0,

§± f(x, y)3 (0, 0)?å†.

! = f(x, y)� f(0, 0)� f 0
x(0, 0)x� f 0

y(0, 0)y = f(x, y) = xy sin
1p

x2 + y2
,

lim
⇢!0+

!

⇢
= lim

⇢!0+
⇢ cos ✓ sin ✓ sin

1

⇢
= 0, §± f(x, y)3 (0, 0)?åá.

 (x, y) 6= (0, 0)û, f 0
x(x, y) = y sin

1p
x2 + y2

� cos
1p

x2 + y2
· x2yp

(x2 + y2)3
,

lim
x!0
y!0

f 0
x(x, y) = lim

⇢!0+
(⇢ sin ✓ sin

1

⇢
�cos2 ✓ sin ✓ cos

1

r
)ÿ3ß f(x, y)3 (0, 0)?ÿÎYåá.

!1©9x+ y � z = 27 9x+ 17y � 17z + 27 = 0.

2. )µS =

¨

x2+y22a2

⇣ p
3ap

3a2 � x2 � y2
+

p
a2 + x2 + y2

a

⌘
dxdy

7



=

ˆ 2⇡

0
d✓

ˆ p
2a

0

⇣ p
3ap

3a2 � ⇢2
+

p
a2 + ⇢2

a

⌘
⇢d⇢ =

16

3
⇡a2.

3. I =

ˆ +1

1
dx

ˆ +1

x2

1

x4 + y2
dy =

ˆ +1

1

1

x2
arctan

y

x2

����
y!+1

y=x2

dx =
⇡

4

ˆ +1

1

1

x2
dx =

⇡

4
.

n!1. ÇÎÍêßèx = cos ✓, y =
sin ✓p

2
, z =

sin ✓p
2
, ✓l 0

⇡

2
, K

I =

ˆ ⇡
2

0
(� cos ✓ sin ✓ +

1p
2
cos2 ✓)d✓ =

p
2⇡

8
� 1

2
.

2. PS : x+ y = R˝, I =

¨

S

(y + x)dydz � (y + z)dxdy = � Rp
2

¨

S

dS = �
p
2⇡R3

4
.

3. S1 : z = 0, ((x, y) 2 D) e˝, Ÿ•D : x2 + y2  a2. ⌦¥SÜS1§å·Nß

P = x3 + az2, Q = y3 + ax2, R = z3 + ay2, K¨

S+S1

Pdydz+Qdzdx+Rdxdy=

˚

⌦

3(x2 + y2 + z2)dxdydz=3

ˆ 2⇡

0
d✓

ˆ ⇡
2

0
d'

ˆ
a

0
r4 sin'dr=

6⇡a5

5
,

¨

S1

Pdydz +Qdzdx+Rdxdy = �
¨

D

ay2dxdy = �a

ˆ 2⇡

0
d✓

ˆ
a

0
⇢3 sin2 ✓d⇢ = �⇡a5

4
,

§± I =
6⇡a5

5
+

⇡a5

4
=

29

20
⇡a5

o!1. )µarctanx = x� x3

3
+ o(x4), an =

1

n
� arctan

1

n
=

1

n
�
⇣ 1

n
� 1

3n3
+ o(

1

n4
)
⌘
⇠ 1

3n3
,

§±?Í¬Ò.

2. )µan =
(2n� 1)!!

(2n)!!
, an¸N~ß

1

2n
< an <

1p
2n+ 1

, dY%OKå lim
n!1

an = 0ß§±

d4ŸZ]O{å?Í¬Òd an > 1
2nå?Íö˝È¬Ò, ?Í^á¬Ò.

3. )µS(x) =
1X

n=0

(n+ 1)2xn, ¸>»©

ˆ
x

0
S(x)dx=

1X

n=0

(n+1)xn+1 = x
1X

n=0

(n+1)xn = x
⇣ 1X

n=0

xn+1
⌘0
=x

⇣ x

1� x

⌘0
=

x

(1� x)2
, (|x| < 1)

¸>¶S(x) =
⇣ x

(1� x)2

⌘0
=

x+ 1

(1� x)3
, (�1 < x < 1). -x = �1

3


1X

n=0

(�1)n(n+1)2
1

3n
=

9

32
.

4. x2 =
1

3
+

4

⇡2

1X

n=1

(�1)n
1

n2
cosn⇡x, x 2 (�1,+1), x = 0=

1X

n=1

(�1)n+1 1

n2
=

⇡2

12
.

 !1. tan(1 + x+ y)� sec(1 + x+ y) = x� 1.

2. êßå±§
dx

dy
� 2x

y
= �2

x2

y3
, ˘¥òá'uxÀ„|êßßœ»©è y2 = Ce

y2

x .

8!y = (C1 + C2x)e
�x +

1

6
x3e�x.

8



á»© II£1òg§œ"¡Ú (2019.6.17)

ò!OéeàK(6©⇥ 5=30©)

1©¶°x+ 4y � 8z = 18Œ°x2 + y2 = 6y§‹©°».

2. ?ÿ?Í
1X

n=1

n arcsin
⇡

5n
Ò—5.

3. ?ÿ2¬»©

Z 1

0

x3p
1� x4

dxÒ—5.

4. ¶á©êß 2xy · y0 � y2 + x = 0).

5. ¶á©êß
dy

dx
=

x2 � y + 5

x+ y2 + 2
œ»©.

!(10©) ¶LÜÇL :

(
10x+ 2y � 2z = 27,

x+ y � z = 0
ÖÜ°S : 3x2 + y2 � z2 = 27ÉÉÉ

°êß.

n!(10©) C : x = a(t� sin t), y = a(1� cos t) (t 2 [0, 2⇡]) è^”Çòˇßêïd

:A(2⇡a, 0), Oé I1 =

Z

C
[(x+ y + 1)ex � ey + y]dx+ [ex � (x+ y + 1)ey � x]dy.

o!(10©) Oé I2 =

ZZ

S

2x3dydz+2y3dzdx+3(z2�1)dxdy, Ÿ•Sè° z = 1�x2�

y2 (z � 0)˛˝.

 !(10©)  an = 1 +
1

2
+

1

3
+ · · · + 1

n
, O?Í

1X

n=1

an
(n+ 1)(n+ 2)

Ò—5e¬Òß

¶Ÿ⁄.

8!(10©) ¶ò?Í
1X

n=1

2n� 1

2n
x2n�2¬Òç!⁄ºÍßøddOé

1X

n=1

2n� 1

2n
⁄.

‘!(10©) ÚºÍ f(x) = ⇡2�x23 (�⇡,⇡)˛–m§{u?Íßø¶?Í
1X

n=1

1

n2
,

1X

n=1

(�1)n+1

n2
,

1X

n=1

1

(2n� 1)2
⁄.

l!(10©) Æ y1 = xex + e2x, y2 = xex + e�x, y3 = xex + e2x � e�x¥,Ç5ö‡

gá©êßná)ß¶—dá©êßß—Ÿœ).

1



á»© II£1òg§œ"¡ÚÎâY (2019.6.17)

ò! 1©°êßè z =
1

8
x+

1

2
y � 9

4
, (x, y) 2 D, Ÿ•D : x2 + (y � 3)2  9.

K§¶°»S =

ZZ

D

q
1 + (z0x)

2 + (z0y)
2dxdy =

ZZ

D

9

8
dxdy =

9

8
· 9⇡ =

81

8
⇡.

2. an = n arcsin
⇡

5n
, lim
n!1

an+1

an
= lim

n!1

(n+ 1) · arcsin ⇡

5n+1

n · arcsin ⇡

5n
= lim

n!1

(n+ 1) · ⇡

5n+1

n · ⇡

5n
=

1

5
< 1,

§±?Í¬Ò.

3. x = 1¥¤:. lim
x!1�

x3p
1� x4

·
p
1� x = lim

x!1�

x3p
(1 + x)(1 + x2)

=
1

2
, §±2¬»©¬Ò.

4. ˘¥À„|êßß- y2 = u, êßzè
du

dx
� 1

x
u = �1, œ»©è y2 = Cx� x ln |x|.

5. êßzè (x2 � y+5)dx� (x+ y2 +2)dy = 0, ˘¥á©êßßœ»©è x
3�y

3

3 � xy+5x� 2y = C.

! )µÜÇLL:M0(
27
8 ,�

27
8 , 0), êïï˛è (10, 2,�2)⇥ (1, 1,�1) = 8(0, 1, 1).

É:è (x0, y0, z0), K{ï˛è (3x0, y0,�z0), É°êßè 3x0x+ y0y � z0z = 27.

§±

8
>><

>>:

3x0 · 27
8 + y0 · (�27

8 ) = 27,

(3x0, y0,�z0) · (0, 1, 1) = 0,

3x20 + y20 � z20 = 27.

) (x0, y0, z0) = (3, 1, 1) (�3,�17,�17),

§±É°êßè 9x+ y � z = 27 9x+ 17y � 17z = �27.

n! PP (x, y) = (x+ y + 1)ex � ey + y, Q(x, y) = ex � (x+ y + 1)ey � x, K
@Q

@x
� @P

@y
= �2

Z

C+AO

Pdx+Qdy = �
ZZ

D

(�2)dxdy (Ÿ•Dè^”ÇòˇÜx§å´ç)

= 2

Z 2⇡a

0
ydx = 2

Z 2⇡

0
a2(1� cos t)2dt = 6⇡a2,

§± I1 = 6⇡a2 +

Z 2⇡a

0
((x+ 1)ex � 1)dx = 6⇡a2 + 2⇡a(e2⇡a � 1).

o!ê{ò: S1 : z = 0, (x2 + y2  1), e˝, KZZ

S+S1

2x3dydz + 2y3dzdx+ 3(z2 � 1)dxdy =

ZZZ

⌦

6(x2 + y2 + z)dxdydz (ŒãI)

= 6

Z 2⇡

0
d✓

Z 1

0
d⇢

Z 1�⇢
2

0
(⇢3 + ⇢z)dz = 2⇡, §±

I2 = 2⇡ �
ZZ

S1

2x3dydz + 2y3dzdx+ 3(z2 � 1)dxdy = 2⇡ +

ZZ

x2+y21

(�3)dxdy = �⇡.

ê{: S : z = 1� x2 � y2, (x, y) 2 D, D : x2 + y2  1, K

I2 =

ZZ

D

⇣
2x3(�z0x) + 2y3(�z0y) + 3

�
(1� x2 � y2)2 � 1

�⌘
dxdy

=

ZZ

D

(7x4 + 7y4 � 6x2 � 6y2 + 6x2y2)dxdy (4ãI)

1



=

Z 2⇡

0
d✓

Z 1

0

⇣
7⇢5 cos4 ✓ + 7⇢5 sin4 ✓ � 6⇢3 + 6⇢5 cos2 ✓ sin2 ✓

⌘
d⇢ = �⇡.

 !(10©)  an = 1 +
1

2
+

1

3
+ · · ·+ 1

n
, O?Í

1X

n=1

an
(n+ 1)(n+ 2)

Ò—5e¬Òß¶Ÿ⁄.

)µx > 0ûß
x

1 + x
< ln(1 + x), -x =

1

k
, K

1

k + 1
< ln

⇣
1 +

1

k

⌘
,  k = 1, 2, · · · , n� 1,

2Úà™É\å an = 1 +
1

2
+ · · ·+ 1

n
< lnn+ 1 < 2 lnn (n � 3), §±

an
(n+ 1)(n+ 2)

<
2 lnn

n2
.

 lim
n!1

2 lnn

n2
· n

3
2 = 0, §±?Í

1X

n=1

2 lnn

n2
¬Ò. d'O{ß?Í

1X

n=1

an
(n+ 1)(n+ 2)

¬Ò.

Sn =
nX

k=1

ak
(k + 1)(k + 2)

=
nX

k=1

ak
⇣ 1

k + 1
� 1

k + 2

⌘
=

a1
2

+
a2 � a1

3
+ · · ·+ an � an�1

n+ 1
� an

n+ 2

= 1� 1

n+ 1
� an

n+ 2
, §±

1X

n=1

an
(n+ 1)(n+ 2)

= lim
n!1

Sn = 1.

8! - t = x2, Èu?Í
1X

n=1

2n� 1

2n
tn�1, an =

2n� 1

2n
, lim
n!1

an+1

an
= lim

n!1

(2n+ 1) · 2n

(2n� 1)2n+1
=

1

2
,

§±R = 2. t = 2ûß?Íè
1X

n=1

2n� 1

2
u—; §± 0  x2 < 2, ¬Òçè (�

p
2,
p
2).

S(x) =
1X

n=1

2n� 1

2n
x2n�2, K

Z
x

0
S(x)dx =

1X

n=1

1

2n
x2n�1 =

1

x

1X

n=1

⇣x2

2

⌘n

=
x
2

2 · 1
x

1� x2

2

=
x

2� x2
,

§±S(x) =
⇣ x

2� x2

⌘0
=

2 + x2

(2� x2)2
, x 2 (�

p
2,
p
2).

1X

n=1

2n� 1

2n
= S(1) = 3.

‘!f(x)¥ÛºÍß§± bn = 0, n = 1, 2, · · · .

a0 =
2

⇡

Z
⇡

0
(⇡2 � x2)dx =

4⇡2

3
, an =

2

⇡

Z
⇡

0
(⇡2 � x2) cosnxdx =

4(�1)n+1

n2
, n = 1, 2, · · · ,

§±⇡2 � x2 =
2

3
⇡2 +

1X

n=1

4(�1)n+1

n2
cosnx, x 2 [�⇡,⇡].

ì\x = 0
1X

n=1

(�1)n+1

n2
=

⇡2

12
, ì\x = ⇡

1X

n=1

(�1)n+1

n2
=

⇡2

6
,

1X

n=1

1

n2
+

1X

n=1

(�1)n+1

n2
=

1X

n=1

2

(2n� 1)2
=

⇡2

6
+

⇡2

12
=

⇡2

4
, §±

1X

n=1

1

(2n� 1)2
=

⇡2

8
.

l! y1 � y3 = e�x¥ÈA‡gêßòá)ßK y4 = y2 � e�x = xex¥ö‡gêßòá)ß

y1 � y4 = e2x¥ÈA‡gêß,òá)"§±�1, 2¥Aä"

Ç5ö‡gá©êßè y00 � y0 � 2y = f(x), Ú y4 = xexë\êßå f(x) = (1� 2x)ex.

§±á©êßè y00 � y0 � 2y = (1� 2x)ex, œ)è y = C1e�x + C2e2x + xex.

2



参考答案:  

08 级: 一、1. 2 2 2sin( ) , 2 cos( )xy xy xyz zy y e xy y e xye
x y
 

    
 

,  

2
2 2 2 2

2 2 cos( ) 4 sin( ) 2 xy xyz x y xy y xe x ye
y


   


.  2. 45/8;  3. 2 3 22 (2 1)a   ; 4. 1/4;   

5. 
1

1

( 1) 2 1 , [ 1/ 2,1/ 2)
n n

n

n
x x

n





 
  ;  6. ( 5 , 2 , 12 ); 7. / 2 ;  8. 0x y z    ; 

9. 44 a ; 10. arctan x .二、 34
15 abc . 三、1. 用莱布尼茨判别法；2. 用部分和序列的极限. 

四. 1. 
0 0 0

1
2 2 2
x y z
x y z

   ; 2. 4.  五. 1. 2
5 4
2 2

0

cos(2 1) , (| | 1)
(2 1)n

n x x
n






 

 , 

2. 2 / 8 ; 3. 2 / 6 . 六. 2 . 

09 级:1. 1/5; 2. 2 / 3ab ; 3. 10 / 11 ; 4. 收敛, 值为 ;  

5. 2
1 2sin cos 2y C x C x x    ; 6. 2 2 2arctan( / )x yx y Ce  ; 7. 2 / 3 ; 8. 2 . 

二. 2 1

1

(2 1)!!( ) , (| | 1)
(2 1)(2 )!!

n

n

nf x x x x
n n







  

 . 三. P>1 绝对收敛,0 1p  条件收敛. 

四. ( ) tanf x x . 五. 
2 2

2 1
2

1

2 1( ) 4 ( 1) cos , ( ), ,
3 12 24

n

n
f x nx x

n
   






      . 

六. 2( 5 1) / 2, ( ) / (1 )R f x x x x     . 

10 级: 

一. 1. 2 2
1( )x y f  ; 2. 

1 2 2

0 0 1 0
( , ) ( , )

y y
dy f x y dx dy f x y dx


     

3. 2 / 3 ; 4. 条件收敛; 5. 4 2

0

1( 1) (| | 1)
2 1

n n

n
x x

n






 
 ; 6. 4 / (9 ) ; 

7. 1 2
1( cos2 sin 2 ) .
4

x xy e C x C x e     二 . 21
2 ln(1 ) 2  . 三 . 0 1a  绝对收敛 , 

a>1 绝对收敛, a=1 发散. 四. e-(7/3).  

五. 1 1
1 2 2 2cos sin cos ln | sec tan | sin ln | csc t |y C x C x x x x x x co x      . 

六. (1) 6 / 5 , (2) 32 / 5 . 
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ò!OéeàK(6©⇥ 10=60©)

1©Oé°»©

ZZ

S

z dS , Ÿ•Sè•°x
2 + y

2 + z
2 = a

2° z = h (0 < h < a)—‹.

2. Oé°»©

ZZ

S

(x� y) dx dy + (y � z)x dy dz , Ÿ•SèŒ°x
2 + y

2 = 19° z = 0, z = 3§

å§òm4´çV á>.°˝.

3. ¶?Í
1X

n=1

n

(2n� 1)2(2n+ 1)2
⁄. 4. ¶ò?Í

1X

n=1

(�1)n+1x
n

n
¬Òåª⁄¬Òç.

5. ¶á©êß y
00 + y = x

2 œ). 6. ¶á©êß (x� y) dx+ (x+ y) dy = 0 œ).

7. ¶ºÍ ln
1 + x

1� x
3x = 0?V–™. 8©O2¬»©

Z +1

0

arctanx

1 + xp
dx (p > 0) Ò—5.

9. OéÇ»©

Z

C

p
x2 + y2 ds , Ÿ•Cè±x

2 + y
2 = ay (a > 0) .

10©Oén»©

ZZZ

⌦

y
2 dx dy dz , Ÿ•⌦ èI° z =

p
4x2 + 4y2 Ü z = 2 §å·N.

!(10©) ?ÿ¢Í pè¤äûß?Í

1X

n=1

✓
1

n
� sin

1

n

◆p

¬Òß¢Í pè¤äûß?Íu—.

n!(10©) ºÍ f(x), g(x) ÎYåáßf(0) = g(0) = 0 , ¶Ç»©
Z (1,0,1)

(0,1,0)

⇣
(x2 � f(x))y +

1

2
g(x)y2

⌘
dx+

�
f(x)y � g(x)

�
dy + dz

Ü¥ª'ß¶— f(x), g(x) , ø¶—TÇ»©ä.

o!(10©) 1. ºÍ f(x) ¥± 2⇡ è±œ±œºÍßß3 [�⇡,⇡] ˛Là™è f(x) = ⇡
2 �

x
2
, (�⇡  x  ⇡) , ¶ºÍ f(x) 3 [�⇡,⇡] ˛F·ì?Í–m™

2. ¶?Í
1X

n=1

(�1)n�1 1

n2
⁄. 3. ¶?Í

1X

n=1

1

n2
⁄.

 !(Kö˚)7âKß10©) ÆÇ»©

Z

L

1

f(x) + 8y2
(x dy � y dx) u~ÍA , Ÿ

•ºÍ f(x) ÎYåßf(1) = 1 , L è?øùå:O(0, 0) {¸4Çßïß

(1) G èÿù:¸Îœ´çßyµG SÇ»©

Z

C

1

f(x) + 8y2
(x dy � y dx) Ü

¥ª'ßŸ•C è†uG SÇ

(2) ¶ºÍ f(x) Ü~ÍA .

8!(K˚)âßö˚)âÿâ©ß10©) |^d˜éd˙™OéÇ»©
I

C
(y � z) dx+ (z � x) dy + (x� y) dz,

Ÿ•C ¥˝x
2 + y

2 = a
2
,
x

a
+

z

h
= 1(a > 0, h > 0) , lxïwßd˝_ûêï.

1
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ò!1©⇡a(a2 � h
2).

2. P = (y � z)x, Q = 0, R = x� y, dpd˙™ß

™ =

ZZZ

V

⇣
@P

@x
+

@Q

@y
+

@R

@z

⌘
dV =

ZZZ

V

(y� z) dV = �
ZZZ

V

z dV =

Z 3

0
z dz

ZZ

x2+y21

dxdy = �9

2
⇡.

3.
n

(2n� 1)2(2n+ 1)2
=

1

8

⇣ 1

(2n� 1)2
� 1

(2n+ 1)2

⌘

Sn =
1

8

✓⇣
1� 1

32

⌘
+
⇣ 1

32
� 1

52

⌘
+· · ·+

⇣ 1

(2n� 1)2
� 1

(2n+ 1)2

⌘◆
=

1

8

✓
1� 1

(2n+ 1)2

◆
, ™ = lim

n!1
Sn =

1

8
.

4. l = lim
n!1

|an+1|
|an|

= lim
n!1

1
n+1
1
n

= 1, §±¬ÒåªR =
1

l
= 1. x = 1û?Íè

1X

n=1

(�1)n+1 1

n
ß̆

¥4ŸZ].Ü?Íß¬Òx = �1ûß?Íè
1X

n=1

� 1

n
, d?Íu—ß¬Òçè (�1, 1].

5. œ)è y = C1 cosx+ C2 sinx+ x
2 � 2

6. êßzè
dy

dx
=

y
x � 1
y
x + 1

, ˘¥òá‡gêß. -u =
y

x
, K y = ux,

dy

dx
= u + x

du

dx
, êßz

è u + x
du

dx
=

u� 1

u+ 1
, ©lC˛

� u+ 1

1 + u2

�
du = �1

x
dx, ¸>»© ln(1 + u

2) + 2 arctanu =

�2 ln |x|+ ln |C|, §±êßœ»©èx
2 + y

2 = Ce
�2 arctan y

x .

7. ln(1 + x) =
1X

n=1

(�1)n+1 1

n
x
n (�1 < x  1), ln(1� x) =

1X

n=1

� 1

n
x
n (�1  x < 1), œd

ln
1 + x

1� x
= ln(1 + x)� ln(1� x) =

1X

n=1

2

2n� 1
x
2n�1 (�1 < x < 1),

8© lim
x!+1

x
p · arctanx

1 + xp
=

⇡

2
, §± p > 1 û2¬»©¬Òß0 < p  1 ûß2¬»©u—.

9. ê{1µ ÇCÎÍêßè x = a sin ✓ cos ✓, y = a sin2 ✓ (0  ✓  ⇡), KZ

C

p
x2 + y2ds =

Z ⇡

0

p
a2 sin2 ✓

q
a2(cos2 ✓ � sin2 ✓)2 + 4a2 sin2 ✓ cos2 ✓ d✓

=

Z ⇡

0
a sin ✓

q
a2(cos2 ✓ + sin2 ✓)2 d✓ =

Z ⇡

0
a
2 sin ✓ d✓ = 2a2.

ê{2µ ÇCÎÍêßè x =
a

2
cos ✓, y =

a

2
+

a

2
sin ✓ (0  ✓  2⇡), K

Z

C

p
x2 + y2ds =

Z 2⇡

0

r
a2

2
(1 + sin ✓)

r
a2

4
sin2 ✓ +

a2

4
cos2 ✓ d✓

=

Z 2⇡

0

a

2

r
a2

2

⇣
cos

✓

2
+ sin

✓

2

⌘2
d✓ =

a
2

2
p
2

Z 2⇡

0

��� cos
✓

2
+ sin

✓

2

��� d✓

=
a
2

2
p
2

Z 3⇡
2

0

⇣
cos

✓

2
+ sin

✓

2

⌘
d✓ +

a
2

2
p
2

Z 2⇡

3⇡
2

⇣
� cos

✓

2
� sin

✓

2

⌘
d✓ = 2a2.

10©Ê^ŒãIß™=

Z 2⇡

0
d✓

Z 1

0
d⇢

Z 2

2⇢
⇢
2 sin2 ✓ · ⇢ dz =

⇡

10
.

1



! sinx = x � x
3

6
+ o(x3), §±

⇣ 1

n
� sin

1

n

⌘p
=

⇣ 1

n
� 1

n
+

1

6n3
+ o(

1

n3
)
⌘p

⇠ 1

6pn3p
, §±™

 3p > 1= p >
1

3
û¬Ò,  3p  1= p  1

3
ûu—.

n! P = (x2 � f(x))y +
1

2
g(x)y2, Q = f(x)y � g(x), R = 1, »©Ü¥ª'øá^á¥

@R

@y
=

@Q

@z
,

@P

@z
=

@R

@x
,

@Q

@x
=

@P

@y
, = f

0(x)y � g
0(x) = x

2 � f(x) + g(x)y, n

(f 0(x)�g(x))y = g
0(x)�f(x)+x

2 d™È§kx, y—§·ß7k f
0(x)�g(x) = 0, g0(x)�f(x)+x

2 = 0.

n f
00(x)�f(x) = �x

2,˘¥ö‡gÇ5~XÍá©êßßÖk–©^á f(0) = 0, g(0) = f
0(0) =

0, ) f(x) = �e
�x � e

x + x
2 + 2, g(x) = f

0(x) = e
�x � e

x + 2x.

x

y

z

1O

1

1

œè»©Ü¥ª'ß̃ X„§´ÚÇ»©ßå

™=

Z 1

0
0 dy +

Z 1

0
dz +

Z 1

0
0 dx = 1.

o! 1. w, f(x)¥ÛºÍßÖ f(x)ÎY. §± bn = 0 (n = 1, 2, · · · ), a0 =
2

⇡

Z ⇡

0
(⇡2�x

2) dx =
4

3
⇡
2,

an =
2

⇡

Z ⇡

0
(⇡2�x

2) cosnx dx = (�1)n+1 4

n2
,  f(x) = ⇡

2�x
2 =

2⇡2

3
+

1X

n=1

(�1)n+1 4

n2
cosnx, (�⇡ 

x  ⇡).

3˛™•©O- x = 0, x = ⇡ å

1X

n=1

(�1)n�1 1

n2
=

⇡
2

12
,

1X

n=1

1

n2
=

⇡
2

6
.

 ! yµ(1) X„§´ßM,N¥GS?ø¸:ßL1, L2¥GSÎ

M,N?ø¸^ÇßêIáy

Z

L1

1

f(x) + 8y2
(x dy � y dx) =

Z

L2

1

f(x) + 8y2
(x dy � y dx)

L3èÎM,NÇß¶L1+L3èùå:{¸4ÇßKL2+

L3è¥ùå:{¸4Çß‚Køå

L1

L2

L3

M

N

x

y

O

G

Z

L1+L3

1

f(x) + 8y2
(x dy � y dx) =

Z

L2+L3

1

f(x) + 8y2
(x dy � y dx) = A,

§±

Z

L1

1

f(x) + 8y2
(x dy � y dx) =

Z

L2

1

f(x) + 8y2
(x dy � y dx).

(2) P =
�y

f(x) + 8y2
, Q =

x

f(x) + 8y2
, œè»©⁄¥ª'ß§± Q

0
x = P

0
y, =

8y2 � f(x)

(f(x) + 8y2)2
=

f(x) + 8y2 � xf
0(x)

(f(x) + 8y2)2
,

åxf
0(x) = 2f(x), ©lC˛) f(x) = Cx

2, q f(1) = 1, §± f(x) = x
2.

 l : x2 + 8y2 = "
2, =x = " cos ✓, y = 1p

8
" sin ✓, 0  ✓  2⇡, K

A =

Z

L

1

x2 + 8y2
(x dy � y dx) =

Z

l

1

x2 + 8y2
(x dy � y dx) =

Z 2⇡

0

1p
8
d✓ =

⇡p
2
.

8!Ñ·163ê~7.6.6.
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ò!OéeàK(5©⇥ 10=50©)

1©Oé°»©

ZZ

S

z dS , Ÿ•Sè•°x2 + y2 + z2 = a2° z = h (0 < h < a)—

‹.

2. ¶?Í
1X

n=1

2n� 1

2n
⁄.

3. ¶ò?Í
1X

n=1

3n + (�2)n

n
(x+ 1)n ¬Òåª, ¬Ò´m⁄¬Òç.

4. ¶á©êß y00 � 2y0 + 5y = 0 œ).

5. )á©êß
dy

dx
=

y2

xy + x2
.

6. O2¬»©

Z +1

2

1

x2 + x� 2
dx Ò—5, e¬ÒßOéŸä.

7. Oé°»©

ZZ

S

xyz dx dy , Ÿ•S¥•°x2 + y2 + z2 = 1˝3x � 0, y � 0‹©.

8©OéÇ»©

Z

l

x dy � y dx

x2 + y2
, Ÿ• lè˝±

x2

25
+

y2

16
= 1 , »©U_ûêï?1.

9. ¶° z =
x2

2
+ y2 1u° 2x+ 2y � z = 0 É°êß.

10©Oén»©

ZZZ

⌦

z dx dy dz , Ÿ•⌦ ¥´çx2 + y2 + z2  4z,
p
x2 + y2  z .

!(8©) ´ç⌦ = {(x, y, z) | 0  z  t, x2 + y2  t2} (t > 0) , ºÍ f(u) åø

Ö f(0) = 0, f 0(0) = 2, F (t) =

ZZZ

⌦

f(x2 + y2)dxdydz , ¶ lim
t!0+

F (t)

t5
.

n!(10©) ºÍ f(x) ÎYåáß̃ v

Z x

0
(x+ 1� t)f 0(t) dt = x2 + ex � f(x), ¶

ºÍ f(x) .

o!(12©) OéÇ»©

Z

l
(x2 � yz) dx+ (y2 � xz) dy + (z2 � xy) dz , Ÿ•»©Ç l ¥

lA(a, 0, 0) B(a, 0, h) ⁄Ç x = a cos', y = a sin', z =
h

2⇡
'.

 !(12©) 1. ºÍ f(x) ¥±œè 2±œºÍßÖ f(x) = 2 + |x|, (�1  x  1) , ¶º

Í f(x) 3 [�1, 1] ˛F·ì–m™

2. ¶?Í
1X

n=0

1

(2n+ 1)2
⁄. 3. ¶?Í

1X

n=1

1

n2
⁄.

8!(8©)  f(x)¥ [0,+1)˛ÎYåáºÍß¶2¬»©

Z +1

1
|f 0(x)| dx ¬Òßyµ

XJ?Í

+1X

n=1

f(n)¬ÒßK2¬»©

Z +1

1
f(x) dx¬Ò.

1



åÍnò(II)œ"¡Ú(AÚ)ÎâY (2013.6.26)

ò! 1© ⇡a(a2 � h2).

2. ){1µ Sn =
1

2
+

3

22
+

5

23
+ · · ·+ 2n� 1

2n
, 2Sn = 1 +

3

2
+

5

22
+ · · ·+ 2n� 1

2n�1
,

Sn = 2Sn � Sn = 1 +
�3
2
� 1

2

�
+
� 5

22
� 3

22
�
+ · · ·+

�2n� 1

2n�1
� 2n� 3

2n�1

�
� 2n� 1

2n

= 1 +
1� 1

2n�1

1� 1
2

� 2n� 1

2n
, §±S = lim

n!1
Sn = lim

n!1

�
1 +

1� 1
2n�1

1� 1
2

� 2n� 1

2n
�
= 3.

){2µ
1X

n=1

2n� 1

2n
=

1X

n=1

n

2n�1
�

1X

n=1

1

2n
, S(x) =

1X

n=1

nxn�1,

KS(x) =

✓ 1X

n=1

n

Z x

0
xn�1dx

◆0
=

✓ 1X

n=1

xn
◆0

=

✓
x

1� x

◆0
=

1

(1� x)2
, x 2 (�1, 1),



1X

n=1

n

2n�1
= S

�1
2

�
= 4, 

1X

n=1

1

2n
= lim

n!1

1
2

�
1� 1

2n
�

1� 1
2

= 1, 
1X

n=1

2n� 1

2n
= 4� 1 = 3.

3. -x+ 1 = t, K?Ízè
1X

n=1

3n + (�2)n

n
tn, an =

3n + (�2)n

n
,

lim
n!1

����
an+1

an

���� = lim
n!1

3n+1 + (�2)n+1

n+ 1
· n

3n + (�2)n
= lim

n!1

n

n+ 1
·
3 + (�2)(�2

3)
n

1 + (�2
3)

n
= 3, ¬ÒåªR =

1

3
.

¬Ò´mè t 2
�
� 1

3
,
1

3

�
, =x 2

�
� 4

3
,�2

3

�
.

x = �4

3
ûß?Íè

1X

n=1

(�1)n
3n + (�2)n

n · 3n =
1X

n=1

(�1)n
1

n
+

1X

n=1

1

n

�2
3

�n
, ¸á?Í—¬Ò, ?Í¬Ò;

x = �2

3
ûß?Íè

1X

n=1

3n + (�2)n

n · 3n =
1X

n=1

1

n
+

1X

n=1

1

n

�
� 2

3

�n
, òá¬Òòáu—ß?Íu—

§±?Í¬Òçè
⇥
� 4

3
,�2

3

�
.

4. êßAêßè�2�2�+5 = 0,)É� = 1±2i,œd§¶œ)è y = ex(C1 cos 2x+C2 sin 2x).

5. êßzè
dy

dx
=

( yx)
2

y
x + 1

, ˘¥òá‡gêß. -u =
y

x
, K y = ux, dy = udx + xdu, êßzè

udx+ xdu =
u2

u+ 1
dx, ©lC˛

�
1 +

1

u

�
du = �1

x
dx, ¸>»©u+ ln |u| = � ln |x|+ C, §±

êßœ»©è
y

x
+ ln |y| = C. , y = 0¥¤). (ˆêßœ»©è ye

y
x = C.)

6.

Z +1

2

1

x2 + x� 2
dx = lim

A!+1

Z A

2

1

x2 + x� 2
dx = lim

A!+1

Z A

2

1

(x� 1)(x+ 2)
dx

= lim
A!+1

Z A

2

1

3

� 1

x� 1
� 1

x+ 2

�
dx = lim

A!+1

1

3
ln

����
x� 1

x+ 2

����

�����

A

2

=
2

3
ln 2.

7. Oé°»©

ZZ

S

xyz dx dy, Ÿ•S¥•°x2 + y2 + z2 = 1˝3x � 0, y � 0‹©.

){1 PS1 : z =
p

1� x2 � y2, (x, y) 2 Dxy, ˛˝S2 : z = �
p
1� x2 � y2, (x, y) 2 Dxy, e

˝Ÿ•Dxy = {(x, y) |x2 + y2  1, x � 0, y � 0}, K

1



ZZ

S

xyz dx dy =

ZZ

S1

xyz dx dy+

ZZ

S2

xyz dx dy =

ZZ

Dxy

xy
p

1�x2�y2dxdy�
ZZ

Dxy

xy
�
�
p
1�x2�y2

�
dxdy

= 2

ZZ

Dxy

xy
p

1�x2�y2 dx dy = 2

Z ⇡
2

0
d✓

Z 1

0
⇢2 sin ✓ cos ✓

p
1�⇢2 · ⇢d⇢=

Z ⇡
2

0
sin 2✓d✓

Z 1

0
⇢3
p
1�⇢2d⇢=

2

15
.

){2 °Sêßèx =
p
1� y2 � z2, (y, z) 2 Dyz, Dyz = {(y, z) | y2 + z2  1, y � 0}.

ZZ

S

xyz dx dy=

ZZ

Dyz

p
1� y2 � z2 ·yz ·(�x0z) dydz=

ZZ

Dyz

yz2 dydz=2

Z ⇡
2

0
d✓

Z 1

0
⇢ cos ✓·⇢2 sin2 ✓·⇢ d⇢= 2

15
.

8© P =
�y

x2 + y2
, Q =

x

x2 + y2
,

@Q

@x
=

@P

@y
=

y2 � x2

(x2 + y2)2
, (x, y) 6= (0, 0), - c : x2+ y2 = 1, _û

êïßKdÇ˙™å

Z

l+c�
P dx+Q dy = 0, §±

Z

l

x dy � y dx

x2 + y2
=

Z

c

x dy � y dx

x2 + y2
=

Z 2⇡

0
d✓ = 2⇡.

9. É:èM0(x0, y0, z0),K z0 =
x20
2
+y20,:M0 ?{ï˛è

�!n0 = (x0, 2y0,�1),° 2x+2y�z =

0{ï˛è�!n = (2, 2,�1), �!n0//
�!n , §±x0 = 2, y0 = 1, z0 = 3, §¶É°êßè 2(x� 2) + 2(y �

1)� (z � 3) = 0, = 2x+ 2y � z = 3.

10© ^•ãICÜÚ⌦Cè⌦0, ⌦0 : 0  r  4 cos', 0  '  ⇡

4
, 0  ✓  2⇡,

™=

ZZZ

⌦0

r cos' · r2 sin' dr d' d✓ =

Z 2⇡

0
d✓

Z ⇡
4

0
d'

Z 4 cos'

0
r3 sin' cos' dr =

56

3
⇡.

! Ê^ŒãICÜßK F (t) =

Z 2⇡

0
d✓

Z t

0
d⇢

Z t

0
f(⇢2)⇢ dz = 2⇡t

Z t

0
f(⇢2)⇢ d⇢

lim
t!0+

F (t)

t5
= lim

t!0+

2⇡
R t
0 f(⇢

2)⇢ d⇢

t4

0
0

lim
t!0+

2⇡tf(t2)

4t3
=

⇡

2
lim
t!0+

f(t2)� f(0)

t2 � 0
=

⇡

2
f 0(0) = ⇡.

n!(10©) Úx = 0ì\

Z x

0
(x+ 1� t)f 0(t) dt = x2 + ex � f(x), å f(0) = 1.

Z x

0
(x+ 1� t)f 0(t) dt = x2 + ex � f(x) z{ (x+ 1)

Z x

0
f 0(t) dt�

Z x

0
tf 0(t) dt = x2 + ex � f(x),

¸>Èx¶Í

Z x

0
f 0(t) dt+ (x+ 1)f 0(x)� xf 0(x) = 2x+ ex � f 0(x),

= f(x)� f(0) + f 0(x) = 2x+ ex � f 0(x), z{ f 0(x) +
1

2
f(x) = x+

1

2
ex +

1

2
,

˘¥òÇ5ö‡gêßß)É f(x) = e
R
� 1

2dx
⇣
C+

Z �
x+

1

2
ex+

1

2

�
e
R 1

2dxdx
⌘
= Ce�

1
2x+

1

3
ex+2x�3

qœè f(0) = 1, §±C =
11

3
, §± f(x) =

11

3
e�

1
2x +

1

3
ex + 2x� 3.

o!){1 PP = x2�yz, Q = y2�xz, R = z2�xy,K
@R

@y
� @Q

@z
= 0,

@P

@z
� @R

@x
= 0,

@Q

@x
� @P

@y
= 0,

§±»©Ü¥ª'ßÜÇ„L :

(
x = a,

y = 0
0  z  h, K ™=

Z h

0
z2 dz =

1

3
h3.

){2 PP = x2�yz, Q = y2�xz, R = z2�xy, K
@R

@y
� @Q

@z
= 0,

@P

@z
� @R

@x
= 0,

@Q

@x
� @P

@y
= 0,

(x2 � yz) dx+ (y2 � xz) dy + (z2 � xy) dz = d
⇣1
3
(x3 + y3 + z3)� xyz

⌘
,

2



™=
⇣1
3
(x3 + y3 + z3)� xyz

⌘����
(a,0,h)

(a,0,0)

=
1

3
h3.

 ! (1) œè f(x)¥ÛºÍß§± bn = 0(n = 1, 2, . . . ). a0 =

Z 1

�1
f(x) dx = 2

Z 1

0
(2 + x) dx = 5.

an =

Z 1

�1
f(x) cosn⇡x dx = 2

Z 1

0
(2 + x) cosn⇡x dx =

2

n⇡

Z 1

0
(2 + x) d sinn⇡x

=
2

n⇡
(x+ 2) sinn⇡x

����
1

0

� 2

n⇡

Z 1

0
sinn⇡x dx =

2

n2⇡2
[(�1)n � 1], n = 1, 2, · · ·

f(x) =
5

2
+

1X

n=0

�4

(2n+ 1)2⇡2
cos(2n+ 1)⇡x. x 2 [�1, 1].

(2) 3˛™•-x = 0,  f(0) =
5

2
+

1X

n=0

�4

(2n+ 1)2⇡2
=)

1X

n=0

1

(2n+ 1)2
=

⇡2

8
.

(3)
1X

n=1

1

n2
=

1X

n=0

1

(2n+ 1)2
+

1X

n=1

1

(2n)2
=

⇡2

8
+

1

4

1X

n=1

1

n2
=)

1X

n=1

1

n2
=

4

3
· ⇡

2

8
=

⇡2

6
.

8!yµœè

Z +1

1
f(x) dx = lim

A!+1

Z A

1
f(x) dx = lim

A!+1

⇣Z [A]

1
f(x) dx+

Z A

[A]
f(x) dx

⌘

= lim
A!+1

⇣ [A]�1X

n=1

Z n+1

n
f(x) dx+

Z A

[A]
f(x) dx

⌘
=

1X

n=1

Z n+1

n
f(x) dx+ lim

A!+1

Z A

[A]
f(x) dx.

áy2¬»©

Z +1

1
f(x) dx¬ÒßêIy?Í

1X

n=1

Z n+1

n
f(x) dx ¬Òß4Å lim

A!+1

Z A

[A]
f(x) dx 3.

œè

Z +1

1
|f 0(x)|dx¬Ò,§±

Z +1

1
f 0(x)dx¬Ò,

Z +1

1
f 0(x)dx = lim

x!+1
f(x)�f(1),§± lim

x!+1
f(x)

3. e lim
x!+1

f(x) 6= 0, K?Í
1X

n=1

f(n) u—ß§± lim
x!+1

f(x) = 0.

min
x2[[A],A]

f(x) · (A� [A]) 
Z A

[A]
f(x) dx  max

x2[[A],A]
f(x) · (A� [A]),

lim
x!+1

f(x) = 0,  lim
A!+1

min
x2[[A],A]

f(x) = lim
A!+1

min
x2[[A],A]

f(x) = 0.  |A � [A]|  1, dY%OKå

 lim
A!+1

Z A

[A]
f(x) dx = 0.

- an =

Z n+1

n
f(x) dx� f(n),

|an| =
���
Z n+1

n
f(x) dx� f(n)

��� =
���
Z n+1

n
(f(x)� f(n)) dx

��� =
���
Z n+1

n

⇣Z x

n
f 0(t) dt

⌘
dx

���


Z n+1

n

⇣Z n+1

n
|f 0(t)| dt

⌘
dx =

Z n+1

n
|f 0(t)| dt,

§±

nX

k=1

|ak| =
nX

k=1

���
Z k+1

k
f(x) dx� f(k)

��� 
nX

k=1

Z k+1

k
|f 0(x)| dx =

Z n+1

1
|f 0(x)| dxk˛.ß

‹©⁄Ík˛.ß§±ë?Í

1X

n=1

|an|¬Òßl?Í
1X

n=1

an¬Ò.



1X

n=1

Z n+1

n
f(x) dx =

1X

n=1

(an + f(n)) =
1X

n=1

an +
1X

n=1

f(n), §±?Í
1X

n=1

Z n+1

n
f(x) dx¬Ò.

3
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ò!{âK(6©⇥ 8=48©)

1©¶ò?Í
1X

n=1

(lnx)n ¬Òç.

2. ¶»© I =

Z

C

p
y ds, Ÿ•Cè‘Ç y = x2l: (0, 0) (2, 4)ò„l.

3. ¶á©êß yy00 + (y0)2 = 0œ»©.

4. Æ f(x)è [0, 2]˛ÎYºÍßy

Z 1

0

Z 1

0
f(x+ y) dxdy =

Z 1

0
u[f(u) + f(2� u)] du.

5. ¶ºÍ f(x) = ln(1 + x)'uxò?Í–™.

6. O2¬»©

Z +1

0

xp

1 + x2
dx (p 2 R) Ò—5.

7. ¶ºÍë?Í I(x) =
1X

n=1

1

n(n+ 1)
xn⁄ºÍ.

8. Oé°»© I =

ZZ

S

x2 dy dz+y2 dz dx+z2 dx dy ,Ÿ•S¥•°x2+y2+z2 = R2(R > 0)

˝3 z � 0‹©.

!(10©) ¶?Í

1X

n=1

(�1)n

n+ 1
· 1

2nn!
⁄.

n!(10©) OéÇ»©

Z

�
2y dx+x dy+ez dz,Ÿ•»©Ç�è

(
x2 + y2 + z2 = 1,

x+ y = 1
l y

ïw¥^ûêï.

o!(10©) Oé°»©

ZZ

S

(xy+ yz+ zx) dS , Ÿ•SèI° z =
p
x2 + y2Œ°x2 + y2 =

2x§kÅ‹©.

 !(10©)  f(x) = |x|,

1. ¶ f(x)3 [0,⇡)˛u?Í–™c¸ëXÍ b1⁄ b2

2. yµÈuºÍF (a, b) =

Z ⇡

0

h
f(x)� a sinx� b sin(2x)

i2
dx, (b1, b2)èŸ3R2˛Å

ä:.

˚”?¿e¸K•òKßŸ¶X”7L¿â1‘K.

8!(12©) (1) ¶êß y00 � 5y0 + 6y = exœ).

(2) y = f(x)è y000�5y00+6y0 = ex)ßyµy = f(x)è y00�5y0+6y = ex

)øá^áè lim
x!�1

f(x) = 0.

‘!(12©) (1) ¶êß y00 � 5y0 + 6y = f(x)œ), Ÿ• f(x)èR˛ÎYºÍ.

(2) e f(x) � 0, y˛„êß˜v^á y(0) = y0(0) = 0)7öK.

1
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ò! 1. ¬Òçè (
1

e
, e).

2. I =

Z 2

0
x
p

1 + 4x2 dx =
1

8

Z 2

0

p
1 + 4x2 d(1 + 4x2) =

1

12
(1 + 4x2)

3
2

����
2

0

=
17

3
2 � 1

12
.

3.  y0 = p(y), K y00 = p
dp

dy
, êßzè yp

dp

dy
+ p2 = 0, ©lC˛

1

p
dp = �1

y
dy,

¸>»© p =
C1

y
, =

dy

dx
=

C1

y
, ©lC˛ ydy = C1dx, »© y2 = C1x+ C2.

4. x+ y = u, y � x = v, J(u, v) =
1

2
,

™=

ZZ

D0

1

2
f(u)dudv=2

Z 1

0
du

Z u

0

1

2
f(u)dv+2

Z 2

1
du

Z 2�u

0

1

2
f(u)dv =

Z 1

0
uf(u)du+

Z 2

1
(2�u)f(u)du

(2� u = t) =

Z 1

0
uf(u)du+

Z 1

0
tf(2� t)dt =

Z 1

0
u[f(u) + f(2� u)] du.

5. f 0(x) =
1

1 + x
=

1X

n=0

(�x)n, §± f(x) = f(0) +
1X

n=0

(�1)n
xn+1

n+ 1
=

1X

n=0

(�1)n
xn+1

n+ 1
, x 2 (�1, 1].

6. x = 0, x = +1¥¸á¤:ß™=

Z 1

0

xp

1 + x2
dx+

Z +1

1

xp

1 + x2
dx = I1 + I2,

Èu I1, x = 0¥çò¤:ß
xp

1 + x2
⇠ xp =

1

x�p
, §± I1 =�p < 1= p > �1û¬Ò

Èu I2, x = +1¥çò¤:ß lim
x!+1

x2�p · xp

1 + x2
= 1, §± I2= 2� p > 1= p < 1û¬Ò

n˛ß2¬»©=�1 < p < 1û¬Ò.

7. ?Í¬Òçè[�1.1]; xI(x) =
1X

n=1

1

n(n+ 1)
xn+1 = S(x),

S0(x) =
1X

n=1

1

n
xn, S00(x) =

1X

n=1

xn�1 =
1

1� x
, x 2 (�1, 1), S(0) = S0(0) = 0,

§±S0(x) = S0(0) +

Z x

0

1

1� x
dx = � ln(1� x),

S(x) = S(0)�
Z x

0
ln(1� x)dx = �x ln(1� x) + x+ ln(1� x), x 2 [�1, 1),

I(0) = 0, I(1) =
1X

n=1

1

n(n+ 1)
= lim

n!1
(1� 1

2
+

1

2
� 1

3
+ · · ·+ 1

n
� 1

n+ 1
) = 1.

§± I(x) =

8
>><

>>:

1 + 1
x ln(1� x)� ln(1� x), x 2 [�1, 0) [ (0, 1),

0, x = 0,

1, x = 1

8. S1 : z = 0, x2 + y2  R2 e˝, dpd˙™

ZZ

S+S1

x2 dy dz + y2 dz dx+ z2 dx dy

=

ZZZ

⌦

2(x+ y + z)dxdydz=2

Z 2⇡

0
d✓

Z ⇡
2

0
d'

Z R

0
r cos' · r2 sin'dr =

⇡R4

2
.

1



§± I =
⇡R4

2
�
ZZ

S1

x2 dy dz + y2 dz dx+ z2 dx dy =
⇡R4

2
.

!

1X

n=0

xn

n!
= ex, x 2 R, ™=

1X

n=1

(�1
2)

n

(n+ 1)!
= �2

1X

n=1

(�1
2)

n+1

(n+ 1)!
= �2(e�

1
2 � 1 +

1

2
) = �2e�

1
2 + 1.

n! P = 2y,Q = x,R = ez, S : x+ y = 1 Ü˝ß

™=

ZZ

S

⇣@R
@y

� @Q

@z

⌘
dydz +

⇣@P
@z

� @R

@x

⌘
dzdx+

⇣@Q
@x

� @P

@y

⌘
dxdy =

ZZ

S

�1dxdy = 0.

o! °S'u y = 0È°ßxy + yz'u y¥¤ºÍß§±

ZZ

S

(xy + yz) dS = 0;

™=

ZZ

S

zx dS =

ZZ

x2+y22x

x
p
x2 + y2·

q
1 + (z0x)

2 + (z0y)
2dxdy = 2

p
2

Z ⇡
2

0
d✓

Z 2 cos ✓

0
⇢3 cos ✓d⇢ =

64
p
2

15
.

 ! 1. b1 =
2

⇡

Z ⇡

0
x sinxdx = 2, b2 =

2

⇡

Z ⇡

0
x sin 2xdx = �1;

2. F (a, b) =

Z ⇡

0

h
f(x)� a sinx� b sin(2x)

i2
dx =

Z ⇡

0

h
x� a sinx� b sin(2x)

i2
dx

=

Z ⇡

0
x2dx+a2

Z ⇡

0
sin2 xdx+b2

Z ⇡

0
sin2 2xdx�2a

Z ⇡

0
x sinxdx�2b

Z ⇡

0
x sin 2xdx+2ab

Z ⇡

0
sinx sin 2xdx

=
⇡3

3
+

⇡

2
a2 +

⇡

2
b2 � 2a⇡+ b⇡ =

⇡

2

⇥
(a� 2)2 + (b+1)2

⇤
� 5⇡

2
+

⇡3

3
, w,F (a, b)3(2,�1)?Åä.

8! (1) Aêßè�2 � 5� + 6 = 0, )�1 = 2,�2 = 3. êßkA) y⇤ = Cex, ì\êß

C =
1

2
, §±êßœ)è y = C1e

2x + C2e
3x +

1

2
ex.

(2) e y = f(x)è y00� 5y0+6y = ex)ßKd(1)f(x) = C1e2x+C2e3x+
1
2e

x, §± lim
x!�1

f(x) = 0.

Èunêß y000 � 5y00 + 6y0 = exßŸAêßè�3 � 5�2 + 6� = 0, )� = 0, 2, 3, dêßk

A) y⇤ = Cex, ì\êßC =
1

2
, §±dnêßœ)è y = C1e2x + C2e3x + C3 +

1
2e

x.

§±e y = f(x)è y000�5y00+6y0 = ex)ßK f(x) = C1e2x+C2e3x+C3+
1
2e

x,e lim
x!�1

f(x) = 0,

KC3 = 0, §± f(x) = C1e2x + C2e3x +
1
2e

x, y = f(x)¥ y00 � 5y0 + 6y = ex).

‘! (1) Aêßè�2 � 5�+ 6 = 0, )�1 = 2,�2 = 3.

§±ÈA‡gêßœ)è ey = C1e2x + C2e3x;

 y⇤ = C1(x)e2x + C2(x)e3x¥êß)ßK

(
C 0
1(x)e

2x + C 0
2(x)e

3x = 0,

2C 0
1(x)e

2x + 3C 0
2(x)e

3x = f(x),

)C1(x) = �
Z x

0
e�2tf(t)dt, C2(x) =

Z x

0
e�3tf(t)dt,

êßœ)è y = C1e
2x + C2e

3x +

Z x

0
(e3x�3t � e2x�2t)f(t)dt.

(2) yµ e y(0) = y0(0) = 0ßKd(1)C1 = C2 = 0, l y =

Z x

0
(e3x�3t � e2x�2t)f(t)dt.

x > 0ûße3x�3t � e2x�2t > 0, t 2 (0, x); x < 0ûße3x�3t � e2x�2t < 0, t 2 (x, 0); l

 f(x) � 0ûßy � 0.

2
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ò!OéeàK(5©⇥ 11=55©)

1©Oé°»©

ZZ

S

z dS, Ÿ•S¥•°x2 + y2 + z2 = a2° z = h (0 < h < a)—‹.

2. Oé»©

ZZ

D

|y � x2|dxdy, Ÿ•Dè |x|  1, 0  y  2.

3. ¶•°x2 + y2 + z2 + 2z = 5˛: (1, 1, 1)?É°⁄{Ç.

4. O2¬»©

Z +1

0

1 + x2

1 + x4
dxÒ—5, e¬ÒßOéŸä.

5. ¶)á©êß
dy

dx
=

y2

xy + x2
.

6. OéÇ»©

I

C
arctan

y

x
dy � dx, Ÿ•Cè y = x2Ü y = x§å´ç>.ß_ûêï.

7. O?Í
1X

n=1

⇣ 1

3n
� 7

10n

⌘
¥ƒ¬ÒßXJ¬Òß¶Ÿ⁄.

8. OéÇ»©

Z

l

xdy � ydx

x2 + y2
, Ÿ• lèù¸†±x2 + y2 = 13S©„1w{¸4Çß

_ûêï.

9. ¶)á©êß (ex sin y � 2y sinx)dx+ (ex cos y + 2 cosx)dy = 0.

10. ¶ò?Í
1X

n=0

(�1)n
1

2n+ 1
x2n+1 ¬Òç, ø¶Ÿ⁄ºÍ.

11. ¶?Í
1X

n=0

(�1)n
1

2n+ 1
ä.£J´µå|^˛K(J§

!(12©) Oé°»©

ZZ

S

ax dy dz � 2y(z + a) dz dx+ (z + a)2 dx dyp
x2 + y2 + z2

, Ÿ• a > 0¥òá

~Í, S¥° z =
p
a2 � x2 � y2˛˝,

n!(12©) ºÍQ(x, y)ÎYåáßÇ»©

Z

C
3x2ydx +Q(x, y)dyÜ»©¥ª'ßÖÈò

É¢Í t—k

Z (t,1)

(0,0)
3x2ydx+Q(x, y)dy =

Z (1,t)

(0,0)
3x2ydx+Q(x, y)dy, ¶ºÍQ(x, y).

o!(13©) 1. ¶ºÍ f(x) = x2, (�⇡  x  ⇡) 3 [�⇡,⇡] ˛F·ì–m™

2. ¶?Í
1X

n=1

(�1)n+1 1

n2
⁄. 3. ¶?Í

1X

n=0

1

(2n+ 1)2
⁄.

 !(8©) (Kö˚)â)  an > 0, Sn = a1 + a2 + · · ·+ an (n = 1, 2, · · · ),

yµ(1) ?Í
1X

n=1

an
Sn2
¬Ò (2) ?Í

1X

n=1

anp
Sn
¬ÒÖ=?Í

1X

n=1

an¬Ò.

8!(8©) (K˚)â) ?ÿ¢Í pè¤äû, ?Í
1X

n=1

✓
e �

⇣
1 +

1

n

⌘n
◆p

¬Ò, ¢

Í pè¤äû, ?Íu—.

1



á»©II(1òg)œ"ÎâY (2015.6.22)

ò!1. °Sêßè z =
p

a2 � x2 � y2, (x, y) 2 D, D : x2 + y2  a2 � h2,

™=

ZZ

D

p
a2 � x2 � y2 ·

q
1 + (z0x)

2 + (z0y)
2dx dy =

ZZ

D

adx dy = ⇡a(a2 � h2).

2. ™=

Z 1

�1
dx

Z 2

x2
(y � x2)dy +

Z 1

�1
dx

Z x2

0
(x2 � y)dy =

46

15
.

3. PF (x, y, z) = x2+y2+z2+2z�5, Kn = (F 0
x(1, 1, 1), F

0
y(1, 1, 1), F

0
z(1, 1, 1)) = (2, 2, 4) = 2(1, 1, 2),

u¥°3 (1, 1, 1)É°êßè (x� 1)+ (y� 1)+2(z� 1) = 0, {Çêßè
x� 1

1
=

y � 1

1
=

z � 1

2
.

4.

Z +1

0

1 + x2

1 + x4
dx =

Z +1

0

1 + 1
x2

x2 + 1
x2

dx =

Z +1

0

d(x� 1
x)

(x� 1
x)

2 + 2
=

1p
2
arctan

(x� 1
x)p

2

�����

+1

0

=
⇡p
2

5. êßåzè
dy

dx
=

( yx)
2

y
x + 1

, ˘¥òá‡gá©êß. - u =
y

x
, K y = ux,

dy

dx
= u+ x

du

dx
, u¥ê

ßCèu+ x
du

dx
=

u2

u+ 1
, ©lC˛

⇣
1 +

1

u

⌘
du = �dx

x
, ¸>»©, u+ ln |u|+C = � ln |x|, §±

êßœ»©è:
y

x
+ ln |y|+ C = 0. y = 0è¤). (œ»©èå§ y = Ce�

y
x .)

6.

I

C
arctan

y

x
dy � dx =

Z 1

0
[2xarctanx� 1]dx+

Z 0

1
(arctan1� 1)dx =

⇡

4
� 1.

7. S = lim
n!1

✓ 1
3(1� (13)

n)

1� 1
3

�
7
10(1� ( 1

10)
n)

1� 1
10

◆
= � 5

18
. §±?Í¬Òß⁄è� 5

18
.

8. PP =
�y

x2 + y2
, Q =

x

x2 + y2
, K

@P

@y
=

@Q

@x
=

y2 � x2

(x2 + y2)2
3 lÜ¸†±C : x2 + y2 = 1§å´

çS§·ß»©Ü¥ª'ß§±

Z

l

xdy � ydx

x2 + y2
=

Z

C

xdy � ydx

x2 + y2
=

Z 2⇡

0
d✓ = 2⇡.

9. PP = ex sin y � 2y sinx,Q = ex cos y + 2 cosx, K
@P

@y
=

@Q

@x
= ex cos y � 2 sinx, ˘¥òá

á©êßßu(x, y) =

Z x

0
0dx +

Z y

0
(ex cos y + 2 cosx)dy = ex sin y + 2y cosx, §±êßœ)

è ex sin y + 2y cosx = C.

10. -un(x) = (�1)n
1

2n+ 1
x2n+1, lim

n!1

����
un+1(x)

un(x)

���� = lim
n!1

2n+ 1

2n+ 3
x2 = x2, §± |x| < 1û?Í¬

Òß|x| > 1û?Íu—ßx = ±1ûß¥?Í¬Òß§±¬Òçè [�1, 1]. S(x) =
1X

n=0

(�1)n
1

2n+ 1
x2n+1,

KS(0) = 0, S0(x) =
1X

n=0

(�1)nx2n =
1

1 + x2
, §±S(x) = S(0) +

Z x

0
S0(x)dx =

Z x

0

1

1 + x2
dx =

arctanx, x 2 [�1, 1].

11. 3˛K•-x = 1
1X

n=0

(�1)n
1

2n+ 1
= arctan 1 =

⇡

4
.

! S1 : z = 0 (x2 + y2  a2), e˝, PV ¥SÜS1§å·N.

I =

ZZ

S

ax dy dz � 2y(z + a) dz dx+ (z + a)2 dx dyp
x2 + y2 + z2

=

ZZ

S

ax dy dz � 2y(z + a) dz dx+ (z + a)2 dx dy

a

1



=

ZZ

S+S1

ax dy dz � 2y(z + a) dz dx+ (z + a)2 dx dy

a
�
ZZ

S1

ax dy dz � 2y(z + a) dz dx+ (z + a)2 dx dy

a

=

ZZZ

V

dV �
ZZ

S1

ax dy dz � 2y(z + a) dz dx+ (z + a)2 dx dy

a
=

2

3
⇡a3 +

ZZ

x2+y2a2

a dxdy =
5

3
⇡a3.

n! P (x, y) = 3x2y, œè»©Ü¥ª'ß§±P 0
y(x, y) = Q0

x(x, y) = 3x2, Q(x, y) = x3 + '(y).

qœè

Z (t,1)

(0,0)
3x2ydx+Q(x, y)dy =

Z 1

0
Q(0, y)dy +

Z t

0
3x2dx =

Z 1

0
Q(0, y)dy + t3,

Z (1,t)

(0,0)
3x2ydx+Q(x, y)dy =

Z t

0
Q(0, y)dy +

Z 1

0
3x2tdx =

Z t

0
Q(0, y)dy + t,

§±

Z 1

0
Q(0, y)dy + t3 =

Z t

0
Q(0, y)dy + t, ¸>È t¶ 3t2 = Q(0, t) + 1, =Q(0, t) = 3t2 � 1, §

±'(y) = Q(0, y) = 3y2 � 1. §±Q(x, y) = x3 + 3y2 � 1.

o! (1) œè f(x)¥ÛºÍß§± bn = 0 (n = 1, 2, 3 · · · ).

a0 =
2

⇡

Z ⇡

0
x2 dx =

2⇡2

3
. an =

2

⇡

Z ⇡

0
x2 cosnxdx = (�1)n

4

n2
, (n = 1, 2, 3, · · · ).

 f(x)3 [�⇡,⇡]˛ÎYßÖ f(�⇡) = f(⇡), §±f(x) = x2 =
⇡2

3
+

1X

n=1

(�1)n
4

n2
cosnx, (�⇡  x  ⇡).

(2) 3˛™•-x = 0, 
1X

n=1

(�1)n+1 1

n2
=

⇡2

12
.

(3) 3(1)•-x = ⇡, 
⇡2

6
=

1X

n=1

1

n2
, Ü(2)™É\

1X

n=0

1

(2n+ 1)2
=

⇡2

8
.

 ! (1)
an
Sn2

=
Sn � Sn�1

Sn2
<

Sn � Sn�1

SnSn�1
=

1

Sn�1
� 1

Sn
, (n � 2),

�n =
nX

k=1

ak
Sk2

<
1

S1
+

✓
1

S1
� 1

S2

◆
+

✓
1

S2
� 1

S3

◆
+ · · ·+

✓
1

Sn�1
� 1

Sn

◆
=

2

a1
� 1

Sn
<

2

a1
,

ë?Í¬Òøá^á¥Ÿ‹©⁄Ík.ß§±?Í

1X

n=1

an
Sn2
¬Ò.

(2) ?Í
1X

n=1

anp
Sn
‹©⁄è�n, =�n =

nX

k=1

akp
Sk

, �n >
nX

k=1

akp
Sn

>
p

Sn, ?Í
1X

n=1

anp
Sn
¬Òß

K�n k˛.ßd˛™åSnk˛.ß?Í

1X

n=1

an¬Ò. �n <
nX

k=1

akp
S1

=
Snp
a1

, e?Í

1X

n=1

an¬Òß

KSnk˛.ßd˛™å�nk˛.ß?Í
1X

n=1

anp
Sn
¬Ò.

8! lim
x!+1

e� (1 + 1
x)

x

1
x

=
e

2
, §±?Í

1X

n=1

✓
e �

⇣
1 +

1

n

⌘n
◆p

Ü?Í

1X

n=1

1

np
Ò—5É”ßp > 1û¬

Òßp  1ûu—.

2



á»© II£1òg§œ"¡Ú (2016.6.20)

ò!OéeàK(6©⇥ 5=30©)

1©¶4Å lim
x!+1
y!+1

 
5xy

3(x2 + y2)

!x2+y2

.

2. u = u(x, y), v = v(x, y)dêß|
n u2 � v + xy = 0,

u+ v2 + x� y = 0
§(ß¶

@u

@x
,
@v

@y
.

3. ¶y?Í
1X

n=1

2n� 1

3n
¬Òßø¶Ÿ⁄"

4. ¶á©êß y0 � y = xy3œ).

5. ¶á©êß yy00 = (y0)2˜v–©^á y(0) = 1, y0(0) = 1A).

!(10©)  f(x, y) =

8
><

>:

x(x2 � y2)

x2 + y2
, (x, y) 6= (0, 0),

0, (x, y) = (0, 0),
?ÿf(x, y)3(0, 0)?ÎY

5ßå†5Üåá5"

n!(10©) ¶1òa°»© I1 =

ZZ

S

x2y2dS,Ÿ•Sè˛å•° z =
p
R2 � x2 � y2, x2+

y2  R2.

o!(10©) Oé1a°»© I2 =

ZZ

S

(x3+az2)dydz+(y3+ax2)dzdx+(z3+ay2)dxdy,

Ÿ• a > 0¥òá~Í, S¥˛å•° z =
p
a2 � x2 � y2˛˝. (J´µ|^pd˙™)

 !(10©) ?ÿ?Í

1X

n=2

(�1)n

(�1)n + n
Ò—5"XJ¬Òß̀ Ÿ¥^á¬ÒÑ¥˝È¬Ò.

8!(10©) ¶ f(x) =
1

4
ln

1 + x

1� x
+

1

2
arctanx� xÍéN–™"

‘!(10©) ÚºÍ f(x) = x (0  x  ⇡)–m§{u?Íßø¶
1X

n=1

1

(2n� 1)2
,±9

1X

n=1

1

n2


⁄"

l!(10©) (1) ¶ò?Í
1X

n=0

x3n

(3n)!
¬Òç

(2) S(x) =
1X

n=0

x3n

(3n)!
, Ô·S(x)§˜vá©êßßø¶S(x).

1



á»©II(1òg)œ"¡ÚÎâY (2016.6.20)

ò! 1© 0 <

 
5xy

3(x2 + y2)

!
x
2+y

2


 
5

6

!
x
2+y

2

,  lim
x!+1
y!+1

 
5

6

!
x
2+y

2

= 0, dY%OKåß™=0.

2. F = u
2�v+xy,H = u+v

2+x�y,K
@u

@x
= �

D(F,H)
D(x,v)

D(F,H)
D(u,v)

= �2vy + 1

4uv + 1
,
@v

@y
= �

D(F,H)
D(u,y)

D(F,H)
D(u,v)

=
2u+ x

4uv + 1
.

3. ê{ 1: lim
n!1

un+1

un
= lim

n!1

2n+ 1

3n+1
· 3n

2n� 1
=

1

3
< 1, dàKO{?Í¬Ò"

S = lim
n!1

Sn = lim
n!1

nX

k=1

⇣
k

3k�1
� k + 1

3k+1

⌘
= lim

n!1

⇣
1� n+ 1

3

⌘
= 1.

ê{ 2µEò?ÍS(x) =
1X

n=1

(2n� 1)x2n�2, dò?Í¬Òçè(-1,1).

K

Z
x

0
S(x)dx =

1X

n=1

x
2n�1 = x

1X

n=1

(x2)n�1 =
x

1� x2
, S(x) =

⇣
x

1� x2

⌘0
=

1 + x
2

(1� x2)2
, x 2 (�1, 1).

1X

n=1

2n� 1

3n
=

1

3

1X

n=1

(2n� 1)
⇣ 1p

3

⌘2n�2
=

1

3
S

⇣ 1p
3

⌘
= 1.

4. - y
�2 = u, Kêßzè

du

dx
+ 2u = �2x, œ)è

u = y
�2 = e�

R
2dx
⇣
C +

Z
(�2x)e

R
2dxdx

⌘
= Ce�2x � x+

1

2
.

5. - y
0 = P (y), K y

00 = p
dp

dy
, êßzè y

dp

dy
= p, ©lC˛»© p = cy, =

dy

dx
= Cy, ì\–ä^

á
dy

dx
= y, ©lC˛»© y = C1ex, ì\–ä^á y = ex.

! (1) lim
x!0
y!0

f(x, y) = lim
x!0
y!0

x(x2 � y
2)

x2 + y2
= lim

⇢!0+

⇢
3 cos ✓(cos2 ✓ � sin2 ✓)

⇢2
= 0 = f(0, 0),

f(x, y)3 (0, 0)?ÎY

(2) f
0
x(0, 0) = lim

x!0

f(x, 0)� f(0, 0)

x
= lim

x!0

x

x
= 1, f

0
y(0, 0)= lim

y!0

f(0, y)� f(0, 0)

y
= lim

y!0

0

y
= 0,

§± f(x, y)3 (0, 0)?å†.

(3) - f(x, y)� f(0, 0) = f
0
x(0, 0)x+ f

0
y(0, 0)y + !, K! =

x(x2 � y
2)

x2 + y2
� x = �2⇢ cos ✓ sin2 ✓,

!

⇢
= �2 cos ✓ sin2 ✓ 66! 0(⇢ ! 0), §± f(x, y) 3 (0, 0) ?ÿåá.

n! I1 =

ZZ

x2+y2R2

x
2
y
2
q
1 + (z0x)

2 + (z0y)
2dxdy =

ZZ

x2+y2R2

Rx
2
y
2

p
R2 � x2 � y2

dxdy

= R

Z 2⇡

0
d✓

Z
R

0

⇢
5 cos2 ✓ sin2 ✓p

R2 � ⇢2
d⇢ =

Z 2⇡

0
cos2 ✓ sin2 ✓d✓ ·

Z
R

0

⇢
5

p
R2 � ⇢2

d⇢

(⇢ = R sin t) Z 2⇡

0

1� cos 4✓

8
d✓ ·

Z ⇡
2

0
R

5 sin5 tdt =
2⇡R6

15
.

1



o! °S1 : z = 0, (x2 + y
2  a

2), e˝ßKZZ

S+S1

(x3 + az
2)dydz + (y3 + ax

2)dzdx+ (z3 + ay
2)dxdy =

ZZZ

⌦

(3x2 + 3y2 + 3z2)dxdydz

= 3

Z 2⇡

0
d✓

Z ⇡
2

0
d'

Z
a

0
r
4 sin'dr =

6⇡a5

5
.

ZZ

S1

(x3 + az
2)dydz + (y3 + ax

2)dzdx+ (z3 + ay
2)dxdy = �

ZZ

x2+y2a2

ay
2dxdy

= �a

Z 2⇡

0
d✓

Z
a

0
⇢
3 sin2 ✓d⇢ = �⇡a

5

4
. ™=

6⇡a5

5
+

⇡a
5

4
=

29⇡a5

20
.

 ! |un| =
1

n+ (�1)n
⇠ 1

n
, (n ! 1), N⁄?Í

1X

n=2

1

n
u—, §±?Íÿ˝È¬Ò

un=
(�1)n

n+ (�1)n
=(�1)n

n

n2 � 1
� 1

n2 � 1
, ?Í

1X

n=2

(�1)n
n

n2 � 1
¥4ŸZ[.Ü?Íß¬Ò ?

Í

1X

n=2

1

n2 � 1
è¬Òß§±?Í¬ÒÖ^á¬Ò.

8! f
0(x) =

1

1� x4
�1 =

1X

n=1

x
4n (|x| < 1), §± f(x) = f(0)+

Z
x

0
f
0(x)dx =

1X

n=1

x
4n+1

4n+ 1
, |x| < 1.

‘! Ú f(x)?1ÛÚˇßK bn = 0 (n = 1, 2, · · · ); a0 =
2

⇡

Z
⇡

0
xdx = ⇡,

an =
2

⇡

Z
⇡

0
x cosnxdx =

2((�1)n � 1)

n2⇡
= � 4

(2k � 1)2⇡
, (n = 2k � 1, k = 1, 2, · · · )

§± x =
⇡

2
�

1X

n=0

4

⇡(2n� 1)2
cos(2n� 1)x, x 2 [0,⇡]. x = 0ì\˛™

1X

n=1

1

(2n� 1)2
=

⇡
2

8
.

S =
1X

n=1

1

n2
=

1X

n=1

1

(2n� 1)2
+

1X

n=1

1

(2n)2
=

1X

n=1

1

(2n� 1)2
+

1

4

1X

n=1

1

n2
=

⇡
2

8
+

1

4
S, §±S =

⇡
2

6
.

l! (1) un(x) =
x
3n

(3n)!
, lim
n!1

|un+1|
|un|

= lim
n!1

|x|3n+1(3n)!

|x|3n(3n+ 3)!
= 0, §±¬Òçè (�1,+1).

(2) S(x) =
1X

n=0

x
3n

(3n)!
, S

0(x) =
1X

n=0

x
3n�1

(3n� 1)!
, S

00(x) =
1X

n=0

x
3n�2

(3n� 2)!
, åá©êß

(
S
00 + S

0 + S = e
x
,

S(0) = 1, S
0(0) = 0.

Aêßè�
2 + �+ 1 = 0, � = �1

2
±

p
3

2
i. A)èy

⇤ = Ae
x, ì\êß y

⇤ =
1

3
e
x.

êßœ)è S = e
� 1

2x
⇣
C1 cos

p
3

2
x+ C2 sin

p
3

2
x

⌘
+

1

3
e
x.

d–©^áS(0) = 1, S0(0) = 0åC1 =
2

3
, C2 = 0, §±S(x) =

2

3
e
� 1

2x cos

p
3

2
x+

1

3
e
x
.

(S(x)˜vá©êßèå±¥S
000(x)� S(x) = 0, S(0) = 1, S0(0) = S

00(0) = 0.)

2



á»© II£1òg§œ"¡Ú (2017.7.4)

ò!OéeàK(6©⇥ 5=30©)

1©¶ºÍ f(x, y) = (1 + ey) cosx� yey4äßø?ÿ¥4åÑ¥4.

2. ?ÿ2¬»©

Z +1

1

ln(1 + 1
x)

3
p
x

dxÒ—5.

3. ?ÿ?Í
1X

n=2

⇣p
n+ 1�

p
n
⌘p

ln
n+ 2

n+ 1
(p 2 R) Ò—5.

4. ¶á©êß (x2y3 + xy)
dy

dx
= 1œ»©.

5. ¶á©êß y00 = 1 + (y0)2œ).

! (10©) Oé I1 =

I

C

ydx� xdy

x2 + y2
, Ÿ•C_ûêïß©O±e¸´¥ªµ

(1) ±x2 + y2 = 2x+ 2y � 1; (2) 4Ç |x|+ |y| = 1.

n!(10©) Oé I2 =

I

C

y2

2
dx�xzdy+

y2

2
dz, Ÿ•C¥x2+ y2+ z2 = R2Üx+ y = R

Çßl yïw¥^ûêï.

o!(10©) Oé1a°»© I3 =

ZZ

⌃

xdydz + (z + 1)2dxdy, Ÿ•⌃¥eå•° z =

�
p
1� x2 � y2, e˝.

 !(10©) (1) y
(2n� 1)!!

(2n)!!
<

1p
2n+ 1

;

(2) ?ÿ?Í
1X

n=1

(�1)n
(2n� 1)!!

(2n)!!
Ò—5"XJ¬ÒßçŸ¥^á¬ÒÑ¥˝È¬Ò,

ø`nd.

8!(10©) ¶Íë?Í

1X

n=0

2n(n+ 1)

n!
⁄"

‘!(10©) ÚºÍ f(x) = x sinx3 (�⇡,⇡)S–m§Fpì?Í.

l!(10©) (1) (ö˚)â) f(x)ÎYåáßg(x)òÎYåáßÖ˜v f 0(x) =

g(x), g0(x) = 2ex � f(x), Ö f(0) = 0, g(0) = 2, Oé I4 =

Z ⇡

0

 
g(x)

1 + x
� f(x)

(1 + x)2

!
dx.

(2) (˚)â)  f(x) = x3 + 1� x

Z x

0
f(t)dt+

Z x

0
tf(t)dt, ¶ f(x)˜vá©

êßø¶ f(x).

1



á»©II(1òg)œ"¡ÚÎâY (2017.7.4)

ò!1© d

(
f 0
x = �(1 + ey) sinx = 0,

f 0
y = ey(cosx� 1� y) = 0

7:P1(2k⇡, 0), P2((2k � 1)⇡,�2), k 2 Z.

f 00
xx = �(1 + ey) cosx, f 00

xy = �ey sinx, f 00
yy = ey(cosx� y � 2),

ÈuP1, A = �2, B = 0, C = �1, B2 �AC < 0, A < 0, §± f(P1) = 2¥4åä

ÈuP2, A = 1 + e�2, B = 0, C = �e�2, B2 �AC > 0, §±P2ÿ¥4ä:.

2. +1¥çò¤:. lim
x!+1

ln(1 + 1
x)

3
p
x

· x
4
3 = 1, §±2¬»©¬Ò"

3.
⇣p

n+ 1�
p
n
⌘p

ln
n+ 2

n+ 1
=

ln(1 + 1
n+1)�p

n+ 1 +
p
n
�p ⇠ 1

2pn
p
2+1

, =
p

2
+ 1 > 1= p > 0û?Í¬Ò.

4. êßzè
dx

dy
� yx = y3x2, 'ux¥À„|êß. -x�1 = u, Kêßzè

du

dy
+ yu = �y3, )

u = e�
R
ydy

⇣
C �

Z
y3e

R
ydydy

⌘
= e�

y2

2

⇣
C � 2e

y2

2
�y2

2
� 1

�⌘
, œ»©èx

⇣
Ce�

y2

2 � y2 + 2
⌘
= 1.

5. - y0 = p(x), K y00 =
dp

dx
, êßzè

dp

dx
= 1+ p2, ©lC˛

dp

1 + p2
= dx, ¸>»© arctan p =

x+ C1, = y0 = tan(x+ C1), )œ)è y = � ln | cos(x+ C1)|+ C2.

! (1)
@P

@y
=

@Q

@x
=

x2 � y2

(x2 + y2)2
, dÇ˙™ I1 = 0.

(2) ÇC1 : x2 + y2 = "2, 0 < " < 0.5, ^ûêï, K

I1 =

I

C+C1

ydx� xdy

x2 + y2
�
I

C1

ydx� xdy

x2 + y2
= 0�

I

C1

ydx� xdy

x2 + y2
= �2⇡.

n! dd˜éd˙™, I2 =

ZZ

S

(x+ y)dydz � (y + z)dxdy£Ÿ•Sèx+ y = R, ˝§

= �
ZZ

S

p
2R

2
dS = �

p
2

2
R · ⇡

⇣p2

2
R
⌘2

= �
p
2⇡R3

4
.

o! °S : z = 0, (x2 + y2  1), ˛˝ßK
ZZ

⌃+S1

xdydz+(z+1)2dxdy =

ZZZ

⌦

(2z+3)dxdydz =

Z 2⇡

0
d✓

Z ⇡

⇡
2

d'

Z 1

0
2r cos' ·r2 sin'dr+3 · 1

2
· 4⇡
3

=
3⇡

2
.

I3 =
3⇡

2
�

ZZ

S

xdydz + (z + 1)2dxdy =
3⇡

2
�

ZZ

x2+y21

dxdy =
3⇡

2
� ⇡ =

⇡

2
.

 !yµ(1)  an =
(2n� 1)!!

(2n)!!
, dÿ™n2 > (n+ 1)(n� 1)å,

(an)
2 =

12 · 32 · · · (2n� 1)2

22 · 42 · · · (2n)2 <
12 · 32 · · · (2n� 1)2

(1 · 3)(3 · 5) · · · (2n� 1)(2n+ 1)
=

1

2n+ 1
, §± an <

1p
2n+ 1

.

(2) du 0 < an <
1p

2n+ 1
, dY%OKå lim

n!1
an = 0, Ö an+1 = an · (2n+ 1)!!

(2n+ 2)!!
< an,

1



d4ŸZ]O{å?Í

1X

n=1

(�1)n
(2n� 1)!!

(2n)!!
¬Ò.

q an = 1 · 3
2
· 5
4
· · · 2n� 1

2n� 2
· 1

2n
>

1

2n
, §±?Í

1X

n=1

(2n� 1)!!

(2n)!!
u—. ?Í^á¬Ò.

8!ê{òµƒò?ÍS(x) =
1X

n=0

(n+ 1)

n!
xn, dò?Í¬Òçè (�1,+1).

K

Z x

0
S(x)dx = x

1X

n=0

xn

n!
= xex, S(x) =

⇣
xex

⌘0
= (x+ 1)ex. -x = 2=

1X

n=0

2n(n+ 1)

n!
= 3e2.

ê{µ5ø ex =
1X

n=0

xn

n!
, x 2 (�1,+1),

1X

n=0

2n(n+ 1)

n!
=

1X

n=1

2nn

n!
+

1X

n=0

2n

n!
= 2

1X

n=1

2n�1

(n� 1)!
+

1X

n=0

2n

n!
= 2e2 + e2 = 3e2.

‘! œè f(x)¥ÛºÍß§± bn = 0 (n = 1, 2, · · · );

a0 =
2

⇡

Z ⇡

0
x sinxdx =

2

⇡

�
� x cosx+ sinx

�����
⇡

0

= 2,

a1 =
2

⇡

Z ⇡

0
x sinx cosxdx =

1

⇡

Z ⇡

0
x sin 2xdx =

1

⇡

�
� x

2
cos 2x+

1

4
sin 2x

�����
⇡

0

= �1

2
,

an =
2

⇡

Z ⇡

0
x sinx cosnxdx =

1

⇡

Z ⇡

0
x
�
sin(n+ 1)x� sin(n� 1)x

�
dx

=
1

⇡

⇣
� x

n+ 1
cos(n+ 1)x+

1

(n+ 1)2
sin(n+ 1)x+

x

n� 1
cos(n� 1)x� 1

(n� 1)2
sin(n� 1)x

⌘����
⇡

0

=
2(�1)n+1

n2 � 1
, (n = 2, 3, · · · ).

§± x sinx = 1� 1

2
cosx+ 2

1X

n=2

(�1)n+1

n2 � 1
cosnx, x 2 (�⇡,⇡).

l! (1) dKøå f(x)˜vá©êßè f 00(x) + f(x) = 2ex, f(0) = 0, f 0(0) = 2, )˘áá©êß

 f(x) = � cosx+ sinx+ ex.

I4 =

Z ⇡

0

1

1 + x
df(x)�

Z ⇡

0

f(x)

(1 + x)2
dx =

f(x)

1 + x

����
⇡

0

=
f(⇡)

1 + ⇡
=

1 + e⇡

1 + ⇡
.

(2) f(x)˜vá©êßè f 00(x) + f(x) = 6x, f(0) = 1, f 0(0) = 0, ) f(x) = cosx� 6 sinx+ 6x.

2



á»© II£1òg§œ"¡Ú (2018.7.3)

ò!OéeàK(6©⇥ 5=30©)

1©u = f(
p
x2 + y2 + z2), Ÿ• f(v)‰kÎYÍß¶

@2u

@x@y
.

2. ?ÿ2¬»©

Z +1

1

1

x n
p
1 + x

dxÒ—5.

3. ¶ò?Í
1X

n=1

(x� 3)2n

n5n
¬Òç.

4. ¶á©êß (x� sin y)dy + tan ydx = 0˜v–©^á y(1) =
⇡

6
A).

5. ¶á©êß
⇣1
y
sin

x

y
� y

x2
cos

y

x
+5

⌘
dx+

⇣
� x

y2
sin

x

y
+

1

x
cos

y

x
+

6

y3

⌘
dy = 0œ»©.

!(10©) Oé I1 =

ZZ

S
(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy, Ÿ•Sè

° z =
p

a2 � x2 � y2 (a > 0)˛˝.

n!(10©) Oé I2 =

I

C
(y2 � z2)dx+ (z2 � x2)dy+ (x2 � y2)dz, Ÿ•C¥·êN 0  x 

a, 0  y  a, 0  z  aL°Ü°x+ y + z =
3a

2
Çßl zïw¥_ûêï.

o!(10©) È~Í p, ?ÿÍë?Í
1X

n=1

(�1)n�1

p
n+ 2�

p
n

np
¤û˝È¬Òß¤û^á¬Òß

¤ûu—.

 !(10©) ¡ÚºÍ f(x) =
x2 � 4x+ 14

(x� 3)2(2x+ 5)
–§ÍéN?Íßø—Ÿ¬Òç.

8!(10©) ÚºÍ f(x) =
x

4
3 [0,⇡]˛–m§u?Íßø¶?Í 1 +

1

5
� 1

7
� 1

11
+

1

13
+

1

17
� · · · ⁄.

‘!(10©) ¶á©êß y00 � y = 2x+ e2x cosxœ).

l!(10©) (1) (ö˚)â) ºÍ f(x)È¬çS?ø¸:x, yk™f(x + y) =
f(x) + f(y)

1� 4f(x)f(y)
, Ö f 0(0) = a (a 6= 0), ¶ºÍ f(x).

(2) (˚)â) Æ

Z 1

0
f(ax)da =

1

2
f(x) + 1, ¶ f(x)˜vá©êßø¶ f(x).

1
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ò!1©
@u

@x
= f 0(

p
x2 + y2 + z2)

xp
x2 + y2 + z2

,

@2u

@x@y
=

xy

x2 + y2 + z2
f 00(

p
x2 + y2 + z2)� xy

(x2 + y2 + z2)
3
2

f 0(
p
x2 + y2 + z2)

2. +1¥çò¤:. lim
x!+1

1

x n
p
1 + x

· x1+
1
n = 1, 1 + 1

n > 1, §±2¬»©¬Ò"

3. ){òµ - t = (x � 3)2, Èu?Í
1X

n=1

tn

n5n
, an =

1

n5n
, lim
n!1

an+1

an
= lim

n!1

n · 5n

(n+ 1)5n+1
=

1

5
, §

±R = 5. t = 5ûß?Íè
1X

n=1

1

n
, u—; §± 0  (x � 3)2 < 5, ) 3 �

p
5 < x < 3 +

p
5, ¬Òç

è (3�
p
5, 3 +

p
5).

){µ-un =
(x� 3)2n

n5n
, lim
n!1

|un+1|
|un|

= lim
n!1

n · 5n(x� 3)2

(n+ 1)5n+1
=

(x� 3)2

5
, 

(x� 3)2

5
< 1 ûß?Í

˝È¬Ò
(x� 3)2

5
> 1ûß?Íu—

(x� 3)2

5
= 1ûß?Íè

1X

n=1

1

n
, u—; §±

(x� 3)2

5
< 1,

) 3�
p
5 < x < 3 +

p
5, ¬Òçè (3�

p
5, 3 +

p
5).

4. êßzè
dx

dy
+ x cot y = cos y, 'ux¥òÇ5êßß)

x = e�
R
cot ydy(C +

Z
cos ye

R
cot ydydy) =

C

sin y
+

sin y

2
.

y(1) =
⇡

6
ì\C =

3

8
, §±§¶A)è 8x sin y = 3 + 4 sin2 y.

5. (á©êßßœ)èsin
y

x
� cos

x

y
+ 5x� 3

y2
= C)

! °S1 : z = 0, (x2 + y2  a2), e˝ßKZZ

S+S1

(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy =

ZZZ

⌦

(3x2 + 3y2 + 3z2)dxdydz

= 3

Z 2⇡

0
d✓

Z ⇡
2

0
d'

Z a

0
r4 sin'dr =

6⇡a5

5
.

ZZ

S1

(x3 + az2)dydz + (y3 + ax2)dzdx+ (z3 + ay2)dxdy = �
ZZ

x2+y2a2

ay2dxdy

= �a

Z 2⇡

0
d✓

Z a

0
⇢3 sin2 ✓d⇢ = �⇡a5

4
. ™=

6⇡a5

5
+

⇡a5

4
=

29⇡a5

20
.

n! C§å8>/èS : x+ y + z =
3a

2
, ˛˝ßKS°»è

3
p
3

4
a2. dd˜éd˙™ß

I2 = � 4p
3

ZZ

S

(x+ y + z)dS = � 4p
3
· 3a
2

ZZ

S

dS = � 4p
3
· 3a
2

· 3
p
3

4
a2 = �9

2
a3.

1



o! an =

p
n+ 2�

p
n

np
=

2

np(
p
n+ 2 +

p
n)

⇠ 1

np+1/2
ß

§± p >
1

2
û˝È¬Òß�1

2
< p  1

2
ûßö˝È¬Ò"

�1

2
< p  1

2
ûß?Í¥Ü?Íß̂ 4ŸZ]O{å?Í^á¬Ò

p  �1

2
ûßòÑëÿ™ïu0ß?Íu—.

 ! f(x) =
x2 � 4x+ 14

(x� 3)2(2x+ 5)
=

1

2x+ 5
+

1

(x� 3)2
=

1

5
(1 +

2

5
x)�1 +

1

9
(1� x

3
)�2

(1 +
2

5
x)�1 = 1 +

1X

n=1

(�1)(�2) · · · (�n)

n!
(
2

5
x)n = 1 +

1X

n=1

(�1)n
2n

5n
xn, x 2 (�5

2
,
5

2
),

(1� x

3
)�2 = 1 +

1X

n=1

(�2)(�3) · · · (�n� 1)

n!
(�x

3
)n = 1 +

1X

n=1

n+ 1

3n
xn, x 2 (�3, 3),

§± f(x) =
1X

n=0

⇣n+ 1

3n+2
+ (�1)n

2n

5n+1

⌘
xn, x 2

⇣
� 5

2
,
5

2

⌘
.

8!f(x) =
1

2

1X

n=1

(�1)n+1

n
sinnx, x 2 [0,⇡).

3˛™•x =
⇡

2
,  I = 1� 1

3
+

1

5
� 1

7
+

1

9
� · · · = ⇡

4
, u¥

1 +
1

5
� 1

7
� 1

11
+

1

13
+

1

17
� · · · = I +

1

3
� 1

9
+

1

15
� 1

21
+ · · · = I +

1

3
I =

⇡

3
.

‘!y = C1e
x + C2e

�x � 2x+
e2x

10
(cosx+ 2 sinx).

l!(1) 3 f(x+ y) =
f(x) + f(y)

1� 4f(x)f(y)
•-x = y = 0 f(0) = 0.

œè f 0(0)3ß§± f(x)3x = 0ÎYß= lim
x!0

f(x) = f(0) = 0.

Ö f 0(0) = lim
y!0

f(y)� f(0)

y
= lim

y!0

f(y)

y
.

lim
y!0

f(x+ y)� f(x)

y
= lim

y!0

f(x)+f(y)
1�4f(x)f(y) � f(x)

y
= lim

y!0

f(y)

y
(1 + 4f2(x)) = f 0(0)(1 + 4f2(x)),

= f 0(x) = a(1 + 4f2(x)), ˘¥òáå©lC˛êßß) f(x) =
1

2
tan(2ax+ C),

d f(0) = 0C = 0, §± f(x) =
1

2
tan(2ax).

(2) f 0(x)� 1

x
f(x) = �2

x
, f(x) = 2 + Cx.

2






























































