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Ramsey Model (Cass-Koopmans Model)

R'ERY S

» Solow model: constant saving rate. 3
» Ramsey or Cass-Koopmans model: differs from the Solow

model only because it explicitly models the consumer side and
endogenizes savings. This model specifies the preference
orderings of individuals and derives their decisions from these
preferences. It also
» Enables better understanding of the factors that affect savings
decisions.
» Enables to discuss the "optimality” of equilibria
» Clarifies whether the (competitive) equilibria of growth models
can be "improved upon”.

Beyond its use as a basic growth model, also a workhorse for
many areas of macroeconomics.
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Preliminaries 7% 1}

Consider an economy consisting of a unit measure of
infinitely-lived households.

l.e., an uncountable number of households: e.g., the set of
households H could be represented by the unit interval [0, 1].
Emphasize that each household is infinitesimal and will have

no effect on aggregates. g~ Same
Can alternatively think of H as a countable set of the form
H={1,2,--- M} with M = oo, without any loss of
generality.

Advantage of unit measure: averages and aggregates are the
same.
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Time Separable Preferences

» Standard assumptions on preference orderings so that they
can be represented by utility functions.

» In addition, time separable preferegce?, eamousehold i has
an instantaneous (Bernoulli) utility function (or felicity

function): B%B‘Iﬁ‘g

Ui(ci,t)7 u”)<o
(-

» wu;: R4 — R is increasing and concave and c¢;; is the
consumption of household i. y44
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Infinite Horizon and the Representative Household

» Given by the von Neumann-Morgenstern expected utility
function

T

By Bluilcin),

t=0

where §; € (0, 1) is the discount factor of household i, where
T < oo or T' = 0, corresponding to finite planning horizon
(e.g., with overlapping generations) or infinite planning
horizon.

» Exponential discounting and time separability also ensure
" time-consistent” behavior.

> A solution {x;}, (possibly with 7' = 0o ) is time consistent
if: whenever {z;}]_, is an optimal solution starting at time
t=0, {xt}:{:t, is an optimal solution to the continuation

dynamic optimization problem starting from time

t=t¢€l0,T]. t=0 nﬁuraaq%fﬂag.%tﬂ'f;/u}ﬁ‘;fr;ﬁa}s /51



Challenges to the Representative Household

> An economy admits a representative household if preference
side can be represented as if a single household made the
aggregate consumption and saving decisions subject to a
single budget constraint.

» Simplest case that will lead to the existence of a
representative household: suppose each household is identical.

» But we can do a little, but not much, better than that:
aggregation problems and Gorman preferences (out of the
scope of this course, but some intuition here).
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Preferences, Technology and Demographics |
» Infinite-horizon, continuous time. 4%y k) %547,
O » Representative household with instantaneous utility function
By
U(Ct), T
Assumption, u(c) is strictly increasing, concave, twice
continuously differentiable with derivatives v’ and v”, and
satisfies the following Inada type assumptions: u'>0, u'<g
lim «/(c) = oo; lim u/(c) =0
c—0 c—00
» Suppose representative household represents set of identical
households (normalized to 1).
» Each household has an instantaneous utility function given by
the above utility function.

>L0:13nd Lf nw

e

Ly = exp(nt)
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Preferences, Technology and Demographics |l

» All members of the household supply their labor inelastically.
» Objective function of each household at ¢ = 0:
© 7 ﬂ‘*j’lﬂ%?} (i#b 9
- Up = / e 2 Liu(c)dt = / e~ Pty (e)dt, (1)
e =p 0 0

where ¢; consumption per capita at t, p is the subjective
discount rate, and/effective discount rate is p — n.

» Continues time analogue of > ;= Blu;(c;y)

» Objective function (1) embeds
(a) Household is fully altruistic towards all of its future
members, and makes allocations of consumption (among
household members) cooperatively. (b) strictly concave of

» Thus each household member will have an equal consumption
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Preferences, Technology and Demographics Il

>

>
>

vy

Utility of u(c:) per household member at time t, total of
Liu(cr) = exp(nt)u(ct).

With discount at rate of exp(—pt), obtain (1).
Assumption

p>n

Ensures that in the model without growth, discounted utility
is finite (otherwise infinite utility and not well behaved
equilibrium). Will strengthen it in model with growth.

Start model without any technological progress.
Factor and product markets are competitive.

Production possibilities set of the economy is represented by:
Yy = F(Ky, L), (2)

Standard constant returns to scale and Inada assumptions still
hold. 9/51



Preferences, Technology and Demographics IV

» Per capita production function:

_ Y
==

Ky

Fl—
[Lt’

Yt 1] = f(k),

where, as before, k; is capital per capita.
» Competitive factor markets then imply:
Ry = Fr[Ky, L] = f'(k);
wy = FL[Ky, L) = f(ke) — ke f' ().
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Preferences, Technology and Demographics V

» Denotelasset holdings of the representative household at time
t by A;, Then,

7%%@%—# Ay = r A+ wi Ly — e Ly

r¢ is the risk-free market flow rate of return on assets, and
wy Ly is the flow of labor income earnings of the household.

» Defining per capita assets as:

we obtain:
a; = (’l“t —n)at+wt — C¢.

» Household assets can consist of capital stock, K; which they
. -
rent to firms and government bonds, B;.
-
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Preferences, Technology and Demographics VI

9
» With uncertainty, households would have a port@ 10 ch0|ce
between K; and riskless bonds.

P> With incomplete markets, bonds allow households to smooth
idiosyncratic shocks. But for now no need.

» (The total net supply of bonds is zero in a closed economy
without government) Thus, market clearing:

a; = k’t-/\‘f];iﬁ% = Mlﬂ%%%

» No uncertainty depreciation rate of § implies
= Ry — 0.
K AYs ek = Ga2 -411)%.
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The Budget Constraint

» The differential equation:
(it = (Tt —n)at+wt — Ct. (3)

is a flow constraint ;h—%%ﬂz

» Not sufficient as a proper budget constraint lunless we impose
a lower bound on assets.

» Three options: (1) Lower bound on assets such as a; > 0 for
all t, (2) Natural debt limit. (3) No Ponzi Game Condition.

» Let us focus on the latter.
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The No Ponzi Game Condition Wﬁ%ﬂ:iﬁ% <o

Fmay 0y 7 o
» Infinite-horizon no Ponzi game condition is:
W,
lim age™ ft)t(’ﬂs*”)dsﬁ 0
t— - .
- DLBfg 70

» Transversality condition ensures individual would never want
to have positive wealth asymptoticallyfwgcg@no Ponzi game
condition can be strengthened to (though not necessary in
general):

t
lim a;e™ Jolrs=mds _
t—o00
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Understanding the No Ponzi Game Condition (%
> Why?
> Write the single budget constraint of the form:

T T
/ ctLte:Up(/ rsds)dt + Ap =
0 t

T T T
/ thtexp(/ rsds)dt + Agexp(/ rsds)
0 t 0

» Differentiating with respect to T and dividing L; gives the
asset evolving equation (budget constraint, Equation 3).

> Now imagine that the above equation applies to a
finite-horizon economy.

» Flow budget constraint (asset) does not gurantee that
Ar > 0.

» Thus in finite-horizon we would simply impose the above
equation as a boundary condition.

» The no Ponzi game condition is the infinite horizon equivalent
of this (obtained by dividing by L; and multiplying both sides
by exp(ftT rsds) and taking the limit as T — 00). 15/51



Definition of Equilibrium (%)

Definition A competitive equilibrium of the Ramsey economy
consists of paths [c;, k¢, wy, Re]52, such that the representative
household maximizes its utility given initial capital stock Ky, and
the time path of prices [wy, R:]52,, and all markets clear.
Definition A competitive equilibrium of the Ramsey economy
consists of paths [c;, ki, we, Re]72,, such that the representative
household maximizes Uy = [;* e~ Pty (cy)dt , subject to

t .
d¢ = (ry —n)ar + wy — ¢ and limy_, o0 aze™ Jo(rs—m)ds > given

initial capital-labor ratio kg. Factor prices are given by
Ry = Fg[Ky, L] = f'(kt) and wy = FL[Ky, L] = (ki) — ke f' (ke).-
and the rate of return on assets given by r, = Ry — 4.
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Household Maximization | (as 9iven)

> h lue Hamil i " #\ﬁ @%
set up the current-value Hamiltonian:
P Cr BBk, BT

H(a,c,p) = ul(cr) + pwel(re — n)ay + wy — ¢
» Maximum Principle — "candidate solution”

Hc(a7 Cy N) = u/(ct) - =0 (4)
Cowtinuous Time Ealer E'u. Heo(a,c,p) = pe(re —n) = —fig + (p — n)pe (5)

N . —(p—n)t !
NoPonzi M’ﬁﬁﬂ tlggo[e ; e =0y =uite) #o. ﬁ/%wﬂ%?ﬁéﬂ

P dr = (re —n)ag + wy — ¢4
(ﬁ%ﬁ‘flev@ ¥ > Buget wustrount
» Equation 5 from page 289 (derivation of these is out of the

scope of this class, some intuition here).

» Notice transversality condition is written in terms of the
current-value costate variable.
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Household Maximization Il

>

>
>

For any p; > 0, Hc(a,c, pt) is a concave function of (a,c¢) and
strictly concave in c.

The first necessary condition implies p; > 0 for all t.

Therefore, sufficient conditions imply that the candidate

solution is an optimum. (5 fhe [ G—n) =ty +p-ndphs
Rearrange the second condition: h-n= - if__,.tp_“)

i 5%
o= (ri=p) T T (@)
t ‘
rb >P1 /a" <0, CT
First necessary condition implies that:

u'(ct) =
Differentiate with respect to time and divide by p,
Ouuibl Ry
i) Ce Ae u”(ct)ctﬁ B ﬁ

w(ce) et B ot
18/51



Household Maximization Il
» Plug the above equation (Equation 9) into Equation 8:

G 1

= Te—p
Ct E(Ct) ( )
h
it e- 5922/‘7 eri‘z: u'icg) P
* Taip @ e u (e

€1G)= % = % ele) = = ' (ct)
is the elasticity of the marginal utility u'(c;). /ﬁ%wmy/ﬂbgé_s?&
» Consumption will grow over time when the discount rate is
less than the rate of return on assets.
» Speed at which consumption will grow is related to the
elasticity of marginal utility of consumption, €(c;).

» Even more importantly, €(¢;) is the inverse of the
intertemporal elasticity of substitution (see this more clearly in

a later example). 5%93‘]%1’{5?‘1& 19/51



Household Maximization IV~ #4

» Integrating Equation 8, n
Sretng = 5 ol = - [fr-pods =
e = poe™ ho(rs=e)ds — ¢y e Jo(remp)ds

» Substituting into transversality condition (Equation 6)

0= lim [e=P™tauu! (co)e™ Jo rs=p)ds)

t—o0 ‘p " ,)
lin Te P g g 3207 14
if and On|y if 4y00 a-é/{. ] /r‘)‘

0= lim [ate™ fot(rs_”)ds]
t—o0

» Thus the "strong version” of the no-Ponzi condition
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Household Maximization V

» Since @a; = kg, transversality condition is also equivalent to:

t
lim [e~ Jo(rs=mds ] —
t—o0
t
> Notice term e Jo ™45 js 3 present-value factor: converts a
unit of income at ¢ to a unit of income at 0;

» When 74 = r, factor would be e~"*. More generally, define an
average interest rate between dates 0 and ¢.

1 t
Ty = / rsds
t Jo

» Thus conversion factor between dates 0 and t is e "**. And
the transversality condition

lim [e” ] = 0
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Equilibrium Prices

» Equilibrium prices given by equations about factor prices;

» Thus market rate of return for consumers,

» Substituting this into the consumer’s problem, we have
G 1

= (f/(kt) —46—p)

c €(er)
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Optimal Growth |

» In an economy that admits a representative household,
optimal growth involves maximization of utility of
representative household subject to technology and feasibility

constraints: CERGLA
max / e~ (Pt (¢, dt,
[ke,ct] 2 Jo
subject to
l{;t = f(kt) — (TZ + (S)kt — Ct¢,
and kg >0
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Optimal Growth Il

P> Again set up the current-value Hamiltonian:

H(k,c,p) = ulce) + pelf (k) = (n + 0)ke — ]

» Candidate solution from the Maximum Principle:

Hc(ku ¢, M) = U/(Ct) — M = O)
Hy(k, e, p) = pe(f'(ke) =0 —n) = —fie + (p — n) e,
lim [e_(p_")t,utkt] =0

t—o00

> /Jxﬁﬁuﬁﬁ?_ktz?rﬁllrlﬂ’] (strictly concave) . EHFES
|":'E/Ef¥§ﬂ XEME—#R,
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Optimal Growth Il

,i r‘t: f(”zf)"s
[ )
G apm ' P

P> Repeating the same steps as before, these imply:

G (pk)—5-p) (10)

o  €(er)

and the transversality condition:

Jim [kee™ J3 (7' (hs)=d=m)ds) _
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Steady-State Equilibrium |

> Steady-state equilibrium is defined as an equilibrium path in
which capital-labor ratio, consumption and output are
constant, thus: ¢,

-+ =n){ f ué{) b-p)=o
(5 f‘k{): 5t

» As long as f(k*) > 0, irrespective of the exact utility function,
we must have a capital-labor ratio k* such that s - 1150 ).,

k‘it:O and Ct:O

(k) =p+6 Maf b < Fon.

» Pins down the steady-state capital-labor ratio only as a
function of the production function, the discount rate and the
depreciation rate.

» (Modified golden rule: level of the capital stock that does not
maximize steady-state consumption, because earlier
consumption is preferred to later consumption.

REE T AT QAR ik Consurmprtion T, 26/51



Steady-State Equilibrium Il

Kk K(t)

Figure: Steady state in the baseline neoclassical growth model
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Steady-State Equilibrium 1lI

» Given k*, steady-state consumption level:
1 & =f(k")—(n+I)k*. Smme

> A steady state where the capital-labor ratio and thus output
are constant necessarily satisfies the transversality condition.
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Steady-State Equilibrium IV

| 2

>

| 2

Instead of the saving rate, it is now the discount factor that
affects the rate of capital accumulation.

Loosely, lower discount rate implies greater patience and thus
greater savings.

Without technological progress, the steady-state saving rate

can be computed as %) S
7 5*:iﬂf§kl4, B4
f(E*)

Rate of population growth has no impact on the steady state
capital-labor ratio, which contrasts with the basic Solow
model.

» result depends on the way in which intertemporal discounting

takes place.

k* and thus ¢* do not depend on the instantaneous utility
function u(-).(1.form of the utility function only affects the
transitional dynamics; 2.not true when there is technological
change.)
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Transitional Dynamics |
‘Zf =9 3%:{(}2{)—(%5) kt'

bzo 3 fikp= bep
» Equilibrium is determined by two differential equations:

k;t = f(kt) — (n + 6)kt — Ct
o (k) — 5 )

Ct €(Ct)

» Moreover, we have an initial condition kg, also a boundary
condition at infinity,

lim [kge~ Jo (/' (ks)=6=m)ds] _

t—o00
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Transitional Dynamics |l

K A k(t)

Figure: Steady state in the baseline neoclassical growth model
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Figure: Dynamics in the baseline neoclassical growth model
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Figure: Dynamics in the baseline neoclassical growth model
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Figure: Dynamics in the baseline neoclassical growth model
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Figure: Dynamics in the baseline neoclassical growth model
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Figure: Dynamics in the baseline neoclassical growth model
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Figure: Transitional dynamics in the baseline neoclassical growth model
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FARZEE): technological change

FAREE): technological change
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Technological Change and the Neoclassical Model

» Extend the production function to:
Y, = F[K;, ALy (11)
where
Ay = exp(gt) Ao

P> A consequence of Uzawa Theorem.: Equation 11 imposes
purely labor-augmenting-Harrod-neutral- technological
change.
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Technological Change and the Neoclassical Model

» Define
. Y; K
= =F— 1= f(k
Yt AL, [AtLt’ ] f( t)
where
K;
k, =
T AL

» Also need to impose a further assumption on preferences in
order to ensure balanced growth.
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Technological Change Il

» Define balanced growth as a pattern of growth consistent with
the Kaldor facts of constant capital-output ratio and capital

share in national income.

P> These two observations together also imply that the rental
rate of return on capital, R, has to be constant, which, from
re = Ry — 0, implies that r; has to be constant.

» Again refer to an equilibrium path that satisfies these
conditions as a balanced growth path (BGP).

Ct

Ct

1

e(ct)

(re — p)

> If ry — 7, then & — g, is only possible if e(c;) — €. (The
elasticity of marginal utility of consumption istasymptotically

constant.) ;f¢ 187
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Technological Change IV %)

>

Given the restriction that balanced growth is only possible
with a constant elasticity of intertemporal substitution, start
with:

u(c):{ ﬁlectl*a 6 >0andf #1

Incy 0=1

Elasticity of marginal utility of consumption, ¢, is given by 6.
When 0 = 0, these represent linear preferences, when 6 = 1,

we have log preferences, and as 6 — oo, infinitely risk-averse,
and infinitely unwilling to substitute consumption over time.

Assume that the economy admits a representative household
with CRRA preferences:

1-6

o0 ~1-60
/ e—(P—n)tudt (12)
0
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Technological Change V ¥)

> ¢ = % is per capita consumption.

» Refer to this model, with labor-augmenting technological
change and \CRRA preference as given by Equation 12 as the
canonical model.

» Euler equation takes the simpler form:

G _ L _
CTt_a(rt p)

> Steady state equilibrium first: since with technological
progress there will be growth in per capita income, ¢; will
grow.
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Technological Change VI
» Instead define
_ G G
“= ALy~ A
» This normalized consumption level will remain constant along
the BGP: Ahag A

» For the accumulation of capital stock:
k:’t = f(kt) — Ct — (n +9+ 5)kt

where k; = Alfit.

» Transversality condition, in turn, can be expressed as
hm {k‘te Jolf'(ks)=g—6~ nlds) — (13)

» In addition, equilibrium r; is similarly determined as before, so

= f'(k) =0 st



Technological Change VII

» Since in steady state ¢, must remain constant:

re =p+0g
” AR T2

f(k)=p+d+0g (14)

Pins down the steady-state value of the normalized capital
ratio k*

¢ = f(k*) = (n+ g+ O)k*

» Per capita consumption grows at the rate g.
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Technological Change VIII

» Because there is growth, to make sure that the transversality
condition is in fact satisfied substitute.

» Plug Equation 14 into Equation 13:
~ ~ Jolp—(1-6)g—nlds\ _
tlgglo{kte 0 }=0.
can only hold if p— (1 —8)g — n > 0, or alternatively:
p—n>(1-106)g.

» recall in steady state r = p+ 6lg and the growth rate of output
is g + n.Therefore, equivalent to requiring that » > g + n.

» Steady-state capital-labor ratio no longer independent of
preferences, depends on 6.

46/51



Technological Change IX

(=0
c(t)

<) T—. ko0
«(0) / >
B /

0 k(0) K* K

7

k(1)

Ll

Figure: Transitional dynamics in the neoclassical growth model with technological
change.
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Comparative dynamics /i,

v

vvvyyypy

Comparative statics: changes in steady state in response to
changes in parameters.

Comparative dynamics look at how the entire equilibrium path
of variables changes in response to a change in policy or
parameters.

Look at the effect of a change in tax on capital (or discount
rate p)

Consider the neoclassical growth in steady state (k*, c*)
Tax declines to 7/ < 7
Let the new steady state equilibrium be (£**, ¢**)

Since 7/ < 7, k** > k* while the equilibrium growth rate will
remain unchanged.

48/51



The role of policy

» Example of effect of differences in policies;

» Introduce linear tax policy: returns on capital net of
depreciation are taxed at the rate 7 and the proceeds of this
are redistributed back to the consumers.

» Capital accumulation equation remains as above:
ke = f(ke) —ci — (n4 g+ 0)k
» But interest rate faced by households changes to

re = (1=1)(f'(kt) = 0)
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The role of policy 2

» Growth rate of normalized consumption is then obtained from
the consumer Euler equation,

ZZé(Tt—P—Hg)
_ %((1_7)(1"(@) —8)— p—bg)

_ 4%, VR R7 el
» Identical argument to that before implies:
p+ by

Fi(k") =06+ 3

» Higher 7, since f'(-) is decreasing, reduces k*
» Higher taxes on capital have the effect of depressing capital
accumulation and reducing income per capita.

» But have not so far offered a reason why some countries may

tax capital at a higher rate than others.
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Conclusions
Bl Ferte o194

» Major contribution: (open the black box of capital
accumulation by specifying the preferences of consumers.

P> Also by specifying individual preferences we can explicitly
compare equilibrium and optimal growth.

» Paves the way for further analysis of capital accumulation,
human capital and endogenous technological progress.

» Did our study of the neoclassical growth model generate new
insights about the sources of cross-country income differences
and economic growth relative to the Solow growth model?
Largely no.

» This model, by itself, does not enable us to answer questions
about the fundamental causes of economic growth.

» But it clarifies the nature of the economic decisions so that we
are in a better position to ask such questions.
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