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基础知识准备

↭ 凹函数（Concave Function）

↭ 恒定(常数)替代弹性(CES)函数

↭ 恒定相对风险(CRRA)效用函数

↭ 包络定理（Envelope Theorem）

↭ 动态规划的例子 (Dynamic Programming: discrete time)

↭ 最优控制的例子 (Optimal Control: continous time)

↭ 消费决策（Consumption）
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凹函数（Concave Function）
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凸函数（Convex Function）
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恒定替代弹性函数: Constant Elasticity of Substitution
Function

↭ 此函数既被用在偏好上，也被用在生产上
↭ 两个物品和多个物品的形式：
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恒定替代弹性函数: Constant Elasticity of Substitution
Function



7/28

恒定替代弹性函数: Constant Elasticity of Substitution
Function
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恒定替代弹性函数: Constant Elasticity of Substitution
Function
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恒定替代弹性函数: Constant Elasticity of Substitution
Function

Assignment: why we say this is constant elasticity of substitution.
Or show that the elasticity of substitution is constant at ω.
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恒定相对风险效用函数: Constant Relative Risk Aversion
Utility

↭ 对待风险的态度:risk averse， risk neutral， risk loving

↭ Risk aversion measurement 1:
absolute risk aversion (ARA)

A(c) = →u
→→(c)

u→(c)

↭ Risk aversion measurement 2:
Relative risk aversion (RRA)

A(c) = →cu
→→(c)

u→(c)
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恒定相对风险效用函数: Constant Relative Risk Aversion
Utility

u(c) =

{ 1
1↑ω c

1↑ω
ε > 0 and ε ↑= 1

lnc ε = 1
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恒定相对风险效用函数: Constant Relative Risk Aversion
Utility

Suppose two goods:

U = u(c1) + u(c2)

The first derivative of the CRRA utility:

u
→(c) = c

↑ω

the marginal rate of substitution is:
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恒定相对风险效用函数: Constant Relative Risk Aversion
Utility

c2

c1
= (

p1

p2
)
1
ω

1
ω measures the strength of substitution e!ect induced by the
relative prices change.
The ratio between the consumption of the two goods depends only
on the relative price, not the income level.
Consumption of both goods will go up in the same proportion as
income (this is important: the productivity shock will bring more
wealth. However, the ratio of current consumption to future
consumption only depends on the relative price, NOT the wealth
level.).
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包络定理（Envelope Theorem）1

Let f(x, a) be a C
1 function of x ↓ R

n and the scalar a. For each
choice of the parameter a, consider the unconstrained
maximization problem:
max f(x, a) with respect to x.
Let x↓(a) be a solution of this problem. Suppose that x↓(a) is a
C

1 function of a. Then

df(x↓(a); a)

da
=

ϑf(x↓(a); a)

ϑa
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包络定理（Envelope Theorem）2

This part is for constrained optimization problems.

M(a) = max
x1,x2

g(x1, x2, a)

st.h(x1, x2, a) = 0

The Lagrangian for this problem is

L = g(x1, x2, a)→ ϖh(x1, x2, a)

and the first-order conditions are

ϑg

ϑx1
→ ϖ

ϑh

ϑx1
= 0

ϑg

ϑx2
→ ϖ

ϑh

ϑx2
= 0

h(x1, x2, a) = 0
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包络定理（Envelope Theorem）3

These conditions determine the optimal choice functions
(x1(a), x2(a)) which in turn determine the maximum value
function:

M(a) ↔ g(x1(a), x2(a), a)

The envelope theorem gives us a formula for the derivative of the
value function with respect to a parameter in the maximization
problem. Specifically the formula is

dM(a)

da
=

ϑL(x, a)

ϑa
|x=x(a)

=
ϑg(x1, x2, a)

ϑa
|x=x(a) → ϖ

ϑh(x1, x2, a)

ϑa
|x=x(a)

As before, the interpretation of the partial derivatives needs special
care: they are the derivatives of g and h with respect to a holding
x1 and x2 fixed at their optimal values.
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包络定理（Envelope Theorem）4

Proof:

dM

da
=

ϑg

ϑx1

dx1

da
+

ϑg

ϑx2

dx2

da
+

ϑg

ϑa

= ϖ[
ϑh

ϑx1

dx1

da
+

ϑh

ϑx2

dx2

da
] +

ϑg

ϑa

Since h(x1, x2, a) = 0, we have

ϑh

ϑx1

dx1

da
+

ϑh

ϑx2

dx2

da
+

ϑh

ϑa
↔ 0

plug back into the previous equation, we have the theorem.
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The Deterministic Growth Model

V
↓(k0) = max

kt+1,ct

↔∑

t=0

ϱ
t
u(ct)

s.t. kt+1 = (1→ ς)kt + it

yt = f(kt)

yt = ct + it

ct, kt+1 ↗ 0, k0 given
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The Deterministic Growth Model in Two Forms

Sequential form and Bellman (recursive) form.
With full depreciation assumption ς = 1:

V
↓(k0) = max

kt+1

↔∑

t=0

ϱ
t
u(f(kt)→ kt+1)

s.t. kt+1 ↓ !(kt)

k0 ↓ Xgiven

Bellman’s Principle of Optimality implies we can write this:

V (k) = max
k↑↗!(k)

{U(f(k)→ k
→) + ϱV (k→)}

for all k ↓ X, k0 given.
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Envelop Theorem in our simplest setting

We assume that f(k) = k
ε, and depreciation rate ς = 1

We want to choose k
→ to maximize

U = u(kε → k
→) + ϱV (k→)

First order condition:

0 = →u
→(kε → k

→) + ϱdV (k→)/dk→

We write the value function as:

V (k) = max
k↑

{u(kε → k
→) + ϱV (k→)}
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Envelop Theorem in our simplest setting

V (k) = u(kε → k
→) + ϱV (k→)

dV (k)/dk = φk
ε↑1

u
→(kε → k

→)→ u
→(kε → k

→)
dk

→

dk
+ ϱ

dV (k→)

dk→
dk

→

dk

= φk
ε↑1

u
→(kε → k

→) + {→u
→(kε → k

→)
dk

→

dk
+ ϱ

dV (k→)

dk→
}dk

→

dk

= φk
ε↑1

u
→(c)
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Stochastic Dynamic Programming

Our goal: to set-up and solve a problem like this

V (k, z) = max
k↑↗!(k,z)

{F (k, k→, z) + ϱE[V (k→, z→)|z]}

zt is a stochastic component.
We need to specify some stochastic process for zt.
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最优化的两个例子：离散时间和连续时间
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离散时间的例子

max
kt,ct

↔∑

t=0

ϱ
t
logct

s.t. kt+1 = k
ε
t → ct

k0 > 0

重新写这个问题：

V (x) = max
y↘0

log(xε → y) + ϱV (y)

x是今天的资本存量，y是明天的资本存量。



25/28

离散时间的例子

一阶条件：

1

xε → y
= ϱV

→(y)

由包络定理可得：

V
→(x) =

φx
ε↑1

xε → y

以上两式,并假设y = ↼x
ε

1

xε → ↼xε
=

φ(↼xε)ε↑1

(↼xε)ε → ↼(↼xε)ε
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离散时间的例子

以上可得：

↼ = φϱ

因此：

kt+1 = φϱk
ε
t

ct = (1→ φϱ)kεt
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连续时间的例子

Pretty much all deterministic optimal control problem in
continuous time can be written as

V (x0) = max
{yt}t↓0

∫ ↔

0
e
↑ϑt

f(xt, yt)dt

subject to the law of motion for the state

ẋt = g(xt, yt) and yt ↓ A.

for t ↗ 0 and x0 given.

↭ ω ↗ 0: discount factor;

↭ x ↓ X: state vector, it can be multi-dimensional, we only
need to know the one dimensional case;

↭ y ↓ A: control vector;

↭ f : X ↘A ≃ R: instantaneous return function.
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连续时间的例子
↭ Can obtain necessary and su”cient conditions for an optimum

using the following procedure(cookbook):
↭ Current-Value Hamiltonian:

H(x, y,ϖ) = f(x, y) + ϖg(x, y)

ϖ: co-state vector having the same dimension as the state
vector

↭ Necessary and su”cient conditions:

Hy(xt, yt,ϖt) = 0;

ϖ̇t = ωϖt →Hx(xt, yt,ϖt);

ẋt = g(xt, yt)

for all lt ↗ 0.
↭ Initial state x0 is given.
↭ Boundary condition for co-state variable ϖt, called

”transversality condition”

lim
T≃↔

e
↑ϑT

ϖTxT = 0


