Lecture 6 Basics for Dynamic Stochastic
General-Equilibrium Models
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DSGE

Dynamic stochastic general equilibrium

Article Talk

From Wikipedia, the free encyclopedia

Dynamic stochastic general equilibrium modeling (abbreviated as DSGE, or DGE, or sometimes
SDGE) is a macroeconomic method which is often employed by monetary and fiscal authorities for
policy analysis, explaining historical time-series data, as well as future forecasting purposes.!'! DSGE
econometric modelling applies general equilibrium theory and microeconomic principles in a
tractable manner to postulate economic phenomena, such as economic growth and business cycles,
as well as policy effects and market shocks.
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DSGE

(13

Dynamic:( The effect of current choices on future uncertainty
makes the models dynamic and assigns a certain relevance to
the(expectations of agents in forming macroeconomic
outcomes.

Stochastic: The models take into consideration the
transmission of(random shocks into the economy and the
subsequent economic fluctuations.

General: referring to the entire economy as a whole (within
the model) in that price levels and output levels are
determined jointly. As opposed to a Partial equilibrium where
price-levels are taken as given and only output-levels are
determined within the model economy.

Equilibrium: Subscribing to the Walrasian, General
Competitive Equilibrium Theory, the model captures the
interaction between policy actions and subsequent behaviour
of agents’
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DSGE

Schools [edit] Real Business Cq(/‘t

Two schools of analysis form the bulk of DSGE modeling:"°¢ 4l the classic RBC models, and the New-Keynesian DSGE models that build on a
structure similar to RBC models, but instead assume that prices are set by monopolistically competitive firms, and cannot be instantaneously
and costlessly adjusted. Rotemberg & Woodford introduced this framework in 1997. Introductory and advanced textbook presentations of
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Outline

Last time, we discussed Real Business Cycle and New Keynesian
models. We didn't emphasize how solve the model in DSGE
framwork.
» Set up and solve the problem with DSGE (the stochastic
growth model)

Reading:

Ljungqvist and Sargent Chapter 2, 12
Adda and Cooper Chapter 5

Kydland and Prescott 1982
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Plan for today

» Deterministic Growth
» Stochastic Process

» How to solve the stochastic model
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The Deterministic Growth Model

iy vty
& fmcf,.)
&P
Our interest is in the problems of the form Lo=fiky)-1
e =f‘k* )‘l#ﬁr, -(l")}-{f)
V*(2o) =  max_ ZBtF(mt, Te1) = Fbe, ko)
zer1}Zo 455 i)
s.t. T € D(my), t=0,1,2,--- WEFg Wwhkst

. W
xg € X given o — Auy -1
e k) ben).

» The mapping I': X — Y is a correspondence: for any z € X
it assigns aset I'(z) C Y
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The Deterministic Growth Model

* _ t
V*(ko) = max. tzgﬂ u(er)
s.t. kt+1 = (1 — 5)]€t + 1
ye = f(ke)
Yyt =ct + it

ct, kep1 > 0, ko given

8/54



The Deterministic Growth Model in Two Forms

17l :
Sequentlanorr#and Bellman (recursive) form.
With full depreciation assumption § = 1:

o0

V*(ko) = max » _ Bu(f(ks) — kiy1)

A
s.t. ]ﬂt+1 S F(kt)

) ko € X given
UL S-RUEN
Bellman'’s Principle of Optimality implies we can write this:

V“ﬂszW<HN (k) — k') + BV (K)}
er(k)
forall k € X, kg given.

b 2k
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Stochastic Dynamic Programming

Our goal: to set-up and solve a problem like this

V(k,z) = klg??z {F(k,K'{2) + BE|V (K 2)|2)}

z¢ is a stochastic component.
We need to specify some stochastic process for z;.
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Markov Chains

P> Let's consider cases where the stochastic component can take
HPR-AK’. finitely many values (discrete-state process)
>

z; will be a Markov chain:
HARS S - {1'1,:6'2,.7}3,' : xn}

x; refers to the realization of an event.

» This means it has the Markov property:

ELCUS IR ST
Pr(zi41 € S|z, xp—1, - x4—) = Pr(zee1|ze) ?’H}?}M

na
> Future values depend only on the current value. Useful fop'%h-
using recursive techniques.

> We'll consider time-invariant chains: fixed probabilities of
moving from one state to another.

o7 Wtk B M B
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Markov Chains

» The stochastic process x; will be a sequence of random
vectors.

» The n dimensional state space consists of vector ¢;,
1=1,---,n.
» n x 1 unit vector that records the position of the system. E.g.

€3 —

S O = OO
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Markov Chains

hen Stk Kb Py
» n X n transition/stochastic matrix P: records the probabilities
of moving from one state to another in one period.

Pij = Pr(zi41 = ej|lz =€)

Mi=s] anx] /;,}'\:1,
» To be probabilites, for i = 1,--- ,n, the matrix must satisfy:
n
> Pi=1
j=1
P >0

» There needs to be an initial probability distribution: g
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An Example

» How does Markov chain x; relate to the state variable we care
about, e.g. TFP 2z; 7 How would you forecast it?

» Suppose GDP growth, y;, can be in boom or bust.

» The boom state implies s = 1.2 and the recession state
yy = —0.4

> 17 indicates we are in a boom, x5, in a recession.

» e.g Hamilton (1989):

[0 01
L . .
F= [0.25 0.75]
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Probability distribution over time
ap (e h) = Ot spopto)

> Define ] as the unconditional probability distribution of
z4,(1 x n) whose i" element is Pr(z; = ¢;).

» From an initial distribution 77}')' =(0,---,1,---,0), the
probability distribution of x7 is:
WE

T = Pr(z) = P

and for x it's:
7w = Pr(zy) = 7, P = (ny P)P =, P?

> In general:
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Stationary Distributions

B %Y

» |s there a stationary (or invariant) distribution, 77
' =n'P

If we start with a distribution over states 7, tomorrow we end
up with the same distribution over states.

> There's always at least one stationary distribution. It is an
eigenvector associated with the unit eigenvalue of P’

iy 1ag

(I -P)=0
(I—P)r=0

» Markov chain (m, P) is stationary if, for a given initial
distribution: 7’ = 7' P
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Asymptotic Stationarity

» Given a m, does 7; approach a stationary distribution over
time?

» le. limy oo mo Pt = Too Where 7o solves
(I-PHr=0

» (If, for all mp limy—see TPt = oo, We say the Markov chain is
asymptotially stationary with a unique invariant distribution.

> Will be true, from every state there is a positive probability of
moving to another state in one or more steps.
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Markov processes vs. Markov chains

P The stochastic process could have a continuous state space.
> We'll see some like this before:

Zt41 = pze t € ‘E['ZH 12:7= P2
A%
» If € isi.i.d. then z follows a Markov process.
P> The conditional expectation depends only on the last
realization of the process.

» Computationally it is useful to discretize continuous state
Markov processes as a Markov chain.
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Approximation of a continuous state Markov process

» Choose some extreme values for the process, e.g. r standard
deviations from the mean to set the bounds.

» Discretize the state space into z = [21, -+, 2,]. The distance
between each is §. For any two grid points:

P, = Pr(zy —0/2 < pzj + € < 2z, + 0/2)
=Pr(z,—0/2 —pzj < & < 2z — pzj +6/2)

Zp — pzi+0/2 2 — pzi —0/2
Py = PP IO p b5 2O,
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Simple example with i.i.d. shocks

PT(Zt = Zh|Zt_1 = Zh) = P’r‘(zt = Zh|Zt_]_ = Zl) = 05

Pr(z = zl|zt,1 = zh) = Pr(z = zl]zt,l = zl) =0.5

If we expand the expectation, what does the Bellman equation

look like? i ]
AN o
V(k,z) = max {F kK 2) + BZPUV(k’ N}

K €T (k,z;)

V(k, 2") = max{u" + B[P,V (K, » ) + PuV (K, 2"}
V(k, 2") = max{u! + B[PV (K, 2") + PyV (K, 2]}
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Stochastic Dynamic Programming

n
Vikz)= max (F(k, K, z) + B;PijV(k’,Zj)}

In general, all the proofs you saw for the deterministic case can be
applied to the stochastic case.

More generally,

V(k,z) = max {F(k K.2)+ BE(V(K,2)|2)}
K €T (k,z)
z could be, e.g., a finite Markov chain or an AR(1) process. (The

latter continuous case requires added steps to the proofs, but think
of a discrete approximation.)
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An Example

V(k,z) = Ir}iz}x{u(zka — K+ (1= 98)k) + BE{V(K,2)|2}}

for all (z, k).
» ~ is a bounded, random variable that follows a first order
Markov process (e.g. an AR(1) process).

> There exists a maximum possible capital stock such that
consumption is non-negative. Provided there is discounting
B < 1 and that the shocks follows a bounded first-order
Markov process, there exists a unique value function.

» We are interested in finding the policy function: k' = ¢*(k, 2)
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Is there a steady state

» If z; does not have a degenerate distribution, k; will not
converge to a single number:k’ = ¢ (z, k), why?

> It will converge to an invariant limiting distribution. #i%%| T4k

» At sufficiently far away horizons, k should be independent of ks
koo k9 bt TWe®

» The average value in this distribution will be the same as the
time average of k; as T' — oo, #iaf% , T tMEAL

» The stochastic process for the capital stock is therefore
ergodic. &7 ot tg

» Instead of a steady state, we have an invariant limiting
distribution for capital, output etc. i
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Solving the stochastic growth model

Consider the stochastic growth model again:

Vik,z) = max{u(zko‘ k:' + (1 —0)k) + BEV (K, 2"z}

1 I
for all (z, k).
We want to solve the model to find:
The value function itself. y‘lf > Vﬂfﬂ}*)

The policy functions:

0:¢C( )
E=0"k2) K9k a1l

we want to solve for the endogenous variables only as functions of
the state each period (and the deep parameters).

§
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Solution Methods

» Guess and Verify: only works in limited cases

» Value function iteration

H'& )1 A #‘ibvh

» Linearizion: undetermlned coefficients and eigenvalue

decomposition. bf%'i&"ﬁ«/fmf
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Guess and Verify

» If we know what form the solution takes we can use this as a
guess, find the unknown coefficients and verify it is a solution.
» Two options:

» Guess and verify the value function, deriving the policy
function along the way.
» Guess and verify the policy function directly.

> Works well, but only for very special cases u(c) = Inc and
d=1.
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Detour: Envelop Theorem in our simplest setting

We assume that(f(k) = k%, and depreciation rate’'d = 1
We want to choose k' to maximize

U=u(k*—k)+ BV ()
First order condition: ;q\z' :F.%« 2 I\J‘Cf% E ‘
0=—u'(k* — k') + BdV (k") /dk'
We write the value function as:

V(k) = max{u(k® — &) + BV (K')}
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Detour: Envelop Theorem in our simplest setting

V(k) = u(k* — k') + BV (K')

~ dk' _dV(K') dk’
a—1 a a
AV (k)/dk = ok '/ (k® — k') — o/ (K* — k:’) R e

_ av (k') dk’
= ak M/ (BY — K) + {—/( k/@ B I }%

= ak® 14/ (¢)

I > Foc.

/
0=-u' (K- +[> %
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Guess and verify the policy function

> Assume log utility and § = 1.

» Let's make an (informed!) guess that the policy function for
k' takes the form:
= Qzk®

» We'll also make use of the stochastic Euler derived [Envelope
Theorem Used|: b= @jku

k /
T g s )
and the resource constraint: ﬂz'j + Pl théli))ll)

c=zk*— K {/z):wa1.11~~-)
E

» From the resource constraint, the policy function for
. . (
consumption is )= wnr )

=(1-Q)zk"
( ) ~é+{35lw¢)$}&



Guess and verify

1 B az (K')e-t
e =g
1
— = Ba(k)"! v
zk* / \Z
E = apzk® t‘ “ NP?
g=up

e

|2}

ol- C,r#n' Share
('71 Distount Pote
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Guess and verify the value function

Guess a form for the value function

V(k,z) = G+ Bln(k) + Din(z)

» Uspse the first order conditions from the Bellman equation and
from the guess with respect to &’ to find the general form of
the policy function.

» Substitute this, and our guess into the Bellman equation.
» Solve for the unknowns G, B, D
» Details

fﬁ’; 4 31/54
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Value function iteration

>

>

The value function is a vector of optimal utility values for
each (k, z).

Make an initial guess of the value function, Vj, can even be
Vo =0,Y(k, z).
Plug this into the Bellman equation and find V1, V(k, 2):

Vi(k,z) = max F(k, K, 2) + BE(Vo(K', 2")|2)

Check if [V} — Vo| < e.

The value function gives the maximum utility level for all
(k, z) pairs. This function should be the same on the left and
right hand side.

If not, iterate:
Va(k, z) = max F(k, k', z) + BE(Vi(K', 2)|2)
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Value function iteration: an example with Matlab code

This part is from Eric Sims notes. Value function iteration. For
showing you the coding process, we start again from the
deterministic model.

>

l1—0

V (k) = max{— + BV (k)
st kK =k"—c+ (1-90)k

» Solve the steady state k.
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Value function iteration: an example with Matlab code

Now the stochastic model.

| 2
1—0o
V(k, A) = max{—— + BV (K, 4)}
K =Ak® —c+ (1 -0)k
>
0.9
A= 110
1.1
] 28
T %]
3 3 3
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VFI CODING

PLEASE REFER TO CODE.PDF, WE GO OVER THE DETAILS
AS WE CHECK THE CODE.
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Linearization: an example

Consider all the equilibrium conditions together:

Yt = Ztkta
Yyt =ct+i
k‘t+1 = (1 — 5)k‘t + 1
1 _ 1
— = BEt(aZt+1k?+1l —+ 1-— (5)7
Ct Ct+1
We could linearize all these equations around the deterministic
steady state and consider perturbations.
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The linearized system

i = 2 + ak
YU = cé; + ity
kkip = (1 — 0)kky + iy
Eciyr = ¢+ Eyrd

where

r—14+6
Tt —m ————

,
Z=pz_1+e€

(2 (1 —a)k)

Variables without a hat are steady state values. Some of these can
be found, some have to be "calibrated”.
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The steady state

We'll fix values for 3, a, d, z, p.
From the Euler equation:

r=—

B

Which implies, from the definition of the return on capital:

1
Z=azk® 416
B

So we can solve for the steady state capital stock. Steady state
output is then simply:

y = zk®
1 =0k
c=y—1
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Solution Method

The collection of linearized conditions can be written recursively:
Ty x
AE, " =B

We+1 Wy

where z is the vector of state variables. w is the vector of control

variables.
The solution to this linear rational expectations model is then of
the form:
wy = Py
i1 = Py

These two equations are the linear policy functions: e.g. they are
of the same form as before ¢ = ¢.(k, z) and k' = ¢ (k, 2)
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Blanchard-Kahn and eigenvalue decomposition

E A [“:*1] =B [””t]
Wi+1 Wy
Blanchard-Kahn conditions for B~1A:

» Unstable eigenvalues= number of controls (jumps), and stable
= number of states — unique solution.

> Too many unstable: explosive solution

> Too few unstable: multiple equilibria
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Blanchard and Kahn (1980)

» Decompose C' = B~'A = P~'AP: A contains the
eigenvalues, P the eigenvectors.

» Partition A to match z, w:
At 0 |Puu P2 B [th—H] _ [Pn P12:| [ft:|
0 As| [Py Pl ' |win Py Py |y
» Define new variables:

|:-ft:| _ [Pn P12] |:35t:|
wy Pyy Pos| |y

o) E =
0 Ao| " |win wy

then
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Blanchard and Kahn (1980)

» For the transformed controls, Ay contains unstable
eigenvalues. The only solution satisfying TVC is wys = 0.
This implies:

P17y + Pyowy =0

~ -1 o
wt = _P22 P17y
» Substitute this expression into the definition of Z;:
~ o N -1 ~ ~
Ty = P12y + Piowy = (P11 — PiaPyy Po1)Z = Q7

and therefore
~ —1r—=1n
Et$t+1 = Q Al Q.Tt
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Impulse response functions

o[
2t
|:kt+1:| _p [kt:|
Zt+1 2t

We can "shock” the system in period 1 by setting z;, = 1.

How does the system evolve afterwards? This is called an impulse
response function.
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Undetermined Coefficients

We are looking for a solution of the form:
Gt = Frky + Foz
ki1 = Prrkt + Pr.zt
Our linearized system can be written as:

ki = Mk + Aoz + (1= Ap — Xo)é
Eiciv1 =6+ Eyria
7t = A3(% — ky)

Zt = pzi—1t €
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Undetermined Coefficients

kt;—l = )\1/%15 + XoZp + (1 -\ — )\Q)ét
Eici1 = ¢+ Eyria
e = Na(% — k)

Substitute the guess for the consumption function into the capital
accumulation equation and equate coefficients:

Pep = A+ (1= X1 — A2) Fy,
Poo = Ao+ (1= A\ — \o)F.
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Undetermined Coefficients

Now, substitute the guesses into the Euler equation:
—(Fyke + F.2) = Eyriyr — Ey(Fikiyy + Fozin)
Substitute the definition of MPK, the TFP process

—(Fypkt + F.2) = Ey(\3pZt — A3 Prsks — \3Prz2t)
— (FyPusks + Fi Pz + FopZy)

Equating coefficients

—Fyp = = X3P — Fp Py,
_Fz:_>\3pkz_Fszz+)\3p_sz
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Undetermined Coefficients

Using the expressions for Py and Pg, in the two equations we just
found gives a quadratic expression:

Q1FE + QoFi 4+ Q3 =0

where
Qr=1-X—X
Q2:A1—1+/\3(1—)\1—/\2)
Q3 = As\1

Two solutions: but inspection of capital equation shows that the

positive solution is necessary for stability. Can use the solution for
F}. to find the other F and P terms.
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Remarks

> \We've now seen various ways to solve the model.
» VFI is powerful, although harder for very complex models.
» Guess and verify only works in limited cases.

» Linearization is fast and works with a range of more complex
models. But is it accurate?
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APPENDIX
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Appendix for Undetermined Coefficients

The linearized equation system:
i = 2 + ak
Yo = céy + ity
kkip = (1 — 0)kky + iy
Eciyr = ¢+ Eyrd
starting from the third equation
ki = (1 — 0)kky + ity
. i
kit1 = (1 — 5)]% + %Zt
kipr = (1 — &)k + diy

The last equation comes from the fact that in steady state i = dk
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Appendix for Undetermined Coefficients

Yl = céy + iy
A~ Y. C
W= <Yt — <Ct
7 1
combining with
gt = ZAt + Oék?t
we have:
~ N ~ c .
it = g.(Zt + Oékt> — =Ct
? 1
plug back into
kpr = (1 — 8)k; + 64y
get

g o N ~ c .
ki = (1= 0)ke + 5[%(215 +aky) — ~d
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Appendix for Undetermined Coefficients

~ ~ . ~ c .
ki = (1— 0)k; + 5[%@ +aky) -

— (1 =o+as?)h+ oz - 6" a

4 6(1 - y)ét

— 7

- (1_5+a5%)15t+5%(1_a)1

= (1-6+adD)k +62(1—a)z +6(1 - D)
i i i
of which the last equation comes from defining z; = i—ta

now set
A= 1—5+a5%
o :5%(1—(1)
we can show that
_ Y Y . Y
1-M—XA=1-(1-04+a0Z)—06Z(1—a)=90(1—-=)
7 7
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Appendix for Undetermined Coefficients

re-write
ki = (1— 6+ aa%)k} + 5%(1 —a)E 4601 - Dy,
=Mki+ME+ (1= —X)é
with
M=1-06+ aé%

/\2 = 5%(1 — a)

7
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now we do similar things to another equation

r—1+4+90

Ty = T(é — (1 —a)k)
=T ey By
=TT 00 a)(a by
= \3(% — k)

of which z; = lf’fa and

r—14+9
3= —(1—
3 , ( @)
and we will cheat by replacing the Z; with Z; (This is really bad
way to write things, but you get it that what really matters is how
we set-up the undetermined coefficient method.) Now we go back
to slides page 45.
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